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The Adaptive Dynamics Network at
IIASA fosters the development of
new mathematical and conceptual tech-
niques for understanding the evolution
of complex adaptive systems.
Focusing on these long-term im-
plications of adaptive processes in
systems of limited growth, the Adap-
tive Dynamics Network brings together
scientists and institutions from around
the world with IIASA acting as the
central node.
Scientific progress within the network
is reported in the IIASA Studies in
Adaptive Dynamics series.
THE ADAPTIVE DYNAMICS NETWORK
The pivotal role of evolutionary theory in life sciences derives from its capability
to provide causal explanations for phenomena that are highly improbable in the
physicochemical sense. Yet, until recently, many facts in biology could not be
accounted for in the light of evolution. Just as physicists for a long time ignored
the presence of chaos, these phenomena were basically not perceived by biologists.
Two examples illustrate this assertion. Although Darwin’s publication of “The Ori-
gin of Species” sparked off the whole evolutionary revolution, oddly enough, the
population genetic framework underlying the modern synthesis holds no clues to spe-
ciation events. A second illustration is the more recently appreciated issue of jump
increases in biological complexity that result from the aggregation of individuals into
mutualistic wholes.
These and many more problems possess a common source: the interactions of
individuals are bound to change the environments these individuals live in. By closing
the feedback loop in the evolutionary explanation, a new mathematical theory of the
evolution of complex adaptive systems arises. It is this general theoretical option
that lies at the core of the emerging field of adaptive dynamics. In consequence a
major promise of adaptive dynamics studies is to elucidate the long-term effects of the
interactions between ecological and evolutionary processes.
A commitment to interfacing the theory with empirical applications is necessary
both for validation and for management problems. For example, empirical evidence
indicates that to control pests and diseases or to achieve sustainable harvesting of
renewable resources evolutionary deliberation is already crucial on the time scale of
two decades.
The Adaptive Dynamics Network has as its primary objective the development of
mathematical tools for the analysis of adaptive systems inside and outside the biological
realm.
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ODUJHU VHHGV DOZD\V ZLQ IURP VHHGOLQJV IURP VPDOOHU VHHGV LI WRJHWKHU LQ WKH VDPH
JHUPLQDWLRQ VLWH ,Q WKH ILUVW FDVH WKHUH LV D VLQJOH HYROXWLRQDU\ RSWLPDO VHHG VL]H
H[FOXGLQJ DOO RWKHUZKHUHDV LQ WKH VHFRQG FDVH WKHUH LV DQ HYROXWLRQDULO\ VWDEOH VHHG
SRO\PRUSKLVPZLWK D FRQWLQXRXV YDULDWLRQ RI VHHG VL]HVZKHUH SODQWVZLWK VPDOO EXW
QXPHURXVVHHGVVXUYLYHE\H[SORLWLQJVLWHVWKDWE\FKDQFHUHPDLQXQRFFXSLHGE\SODQWV
ZLWK ODUJHU EXW OHVVQXPHURXVVHHGV:HLQYHVWLJDWHKRZ WKHVH WZRFDVHVFRQQHFW WR
RQH DQRWKHU YLD LQWHUPHGLDWH OHYHOV RI FRPSHWLWLYH DV\PPHWU\ :H ILQG WKDW VWURQJ
FRPSHWLWLYH DV\PPHWU\ DQG KLJK UHVRXUFH OHYHOV IDYRU FRH[LVWHQFH RI SODQWV ZLWK
GLIIHUHQWVHHGVL]HVZKHQVHHGDQGVHHGOLQJVXUYLYDOLVPRGHUDWHO\ORZEXWODUJHVHHGV
KDYH D VXEVWDQWLDO SUHFRPSHWLWLYH DGYDQWDJH RYHU VPDOOHU VHHGV $VVXPLQJPXWDWLRQ
OLPLWHG HYROXWLRQ DQG DVVXPLQJ WKDW VLQJOH PXWDWLRQV KDYH RQO\ D VPDOO SKHQRW\SLF
HIIHFWDQLQLWLDOO\PRQRPRUSKLFSRSXODWLRQZLWKDVLQJOHVHHGVL]HZLOOUHDFKWKHILQDO
HYROXWLRQDULO\ VWDEOH SRO\PRUSKLF VWDWH WKURXJK D VHULHV RI GLVFUHWH HYROXWLRQDU\
EUDQFKLQJ HYHQWV $W HDFK EUDQFKLQJ HYHQW D JLYHQ OLQHDJH DOUHDG\ SUHVHQW LQ WKH
SRSXODWLRQ GLYLGHV LQWR WZR GDXJKWHU OLQHV HDFK ZLWK LWV RZQ VHHG VL]H ,I
SUHFRPSHWLWLYH VHHG DQG VHHGOLQJ VXUYLYDO LV KLJK IRU VPDOO DQG ODUJH VHHGV DOLNH
HYROXWLRQDU\ EUDQFKLQJ PD\ EH IROORZHG E\ H[WLQFWLRQ RI RQH RU PRUH OLQHDJHV
LQFOXGLQJPDVVH[WLQFWLRQDQGWKXVQRWQHFHVVDULO\JLYHVULVHWRHYROXWLRQDULO\VWDEOH
VHHG SRO\PRUSKLVPV9DULRXV UHVXOWV SUHVHQWHG KHUH DUHPRGHOLQGHSHQGHQW DQG SRLQW
WKHZD\ WRDPRUHJHQHUDOHYROXWLRQDU\ELIXUFDWLRQ WKHRU\GHVFULELQJKRZ WKHQXPEHU
DQG VWDELOLW\ SURSHUWLHV RI HYROXWLRQDU\ HTXLOLEULD FDQ FKDQJH DV D FRQVHTXHQFH RI
FKDQJHVLQPRGHOSDUDPHWHUV
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ILQLWH VL]H FDQ EH SURGXFHG 7KHPRUH RQH SDUWLFXODU RIIVSULQJ JHWV WKH OHVV ZLOO EH
DYDLODEOHIRUWKHRWKHUVVRWKDWWKHQXPEHURIRIIVSULQJFDQEHLQFUHDVHGRQO\DWWKHFRVW
RI GHFUHDVLQJ DYHUDJH RIIVSULQJ VL]H 2IIVSULQJ VL]H KRZHYHU WHQGV WR EH SRVLWLYHO\
FRUUHODWHG ZLWK RIIVSULQJ VXUYLYDO RU IXWXUH RIIVSULQJ IHFXQGLW\ LQ VXFK YDULRXV
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ZKHUH IP LV WKH H[SHFWHG UHSURGXFWLYH \LHOG SHU RIIVSULQJ RI VL]HP DQG5P LV WKH
WRWDOQXPEHURIRIIVSULQJSURGXFHG,QGHSHQGHQWO\RIZKDWIPH[DFWO\ORRNVOLNHWKHUH
LVDOZD\VDVLQJOHJOREDOO\RSWLPDORIIVSULQJVL]HWKDWPD[LPL]HVILWQHVV7KHRSWLPDO
VL]HPRSW FRLQFLGHVZLWK WKHSRLQWRI FRQWDFWZKHUH D VWUDLJKW OLQH WKURXJK WKH RULJLQ
WRXFKHV WKH JUDSKRI IP )LJXUH D DQG LV LQGHSHQGHQW RI WKH DPRXQW RI UHVRXUFHV
DYDLODEOH 7KXV DFFRUGLQJ WR WKH 6PLWK)UHWZHOO  PRGHO SDUHQWDO ILWQHVV LV
PD[LPL]HGE\LQYHVWLQJHTXDOO\LQDOORIIVSULQJVRWKDWDQ\YDULDWLRQLQRIIVSULQJVL]H
VKRXOG EH H[SODLQHG DV D FRQVWUDLQW RQ WKH SDUHQW
V FDSDELOLW\ WR SURGXFH RIIVSULQJ RI
XQLIRUPVL]HUDWKHUWKDQDVDQDGDSWDWLRQ
'LIIHUHQW VKDSHV RI IP FRUUHVSRQG WR GLIIHUHQW VSHFLHV RU GLIIHUHQW
HQYLURQPHQWV 7KH 6PLWK)UHWZHOO  PRGHO WKXV FRXOG H[SODLQ YDULDWLRQ LQ
RIIVSULQJ VL]H EHWZHHQ VSHFLHV DQG EHWZHHQ GLIIHUHQW KDELWDWV RI WKH VDPH VSHFLHV
:LWKLQ WKH FRQWH[W RI VHHG VL]H DQG VHHG QXPEHU VWUDWHJLHV LQ SODQWV KRZHYHU WKH
PRGHOKDVEHHQFULWLFL]HGIRULWVLQFDSDELOLW\WRH[SODLQVHHGVL]HYDULDWLRQZLWKLQSODQW
SRSXODWLRQV RI WKH VDPH VSHFLHV DQG ZLWKLQ LQGLYLGXDO SODQWV $OWKRXJK VHHG VL]H
WUDGLWLRQDOO\KDVEHHQFRQVLGHUHGD UHPDUNDEO\FRQVWDQW FKDUDFWHULVWLF UHODWLYH WRRWKHU
IHDWXUHVVXFKDVSODQWKHLJKWRUVHHGQXPEHU+DUSHUHWDO VHHGVL]HYDULDWLRQ
DPRQJ DV ZHOO DV ZLWKLQ LQGLYLGXDO SODQWV RI D VLQJOH SRSXODWLRQ LV QHYHUWKHOHVV
FRPPRQDQGZLGHVSUHDG0LFKDHOVHWDO:HVWRE\HWDO7RDFFRXQWIRU
WKLV YDULDWLRQ DV D UHVXOW RI QDWXUDO VHOHFWLRQ UDWKHU WKDQ DV D FRQVWUDLQW YDULRXV
DOWHUQDWLYHPRGHOVKDYHEHHQSURSRVHGWKDWLQFOXGHVXFKIDFWRUVDVWHPSRUDOYDULDWLRQLQ
RIIVSULQJ HQYLURQPHQW 9HQDEOH  0F*LQOH\ HW DO  VSDWLDO YDULDWLRQ LQ
RIIVSULQJ HQYLURQPHQW 0F*LQOH\HWDO *DUFLi'RUDGR  YDULDWLRQ LQ WKH
DYDLODELOLW\ RI UHVRXUFHV GXULQJ WKH RIIVSULQJSURYLVLRQLQJ SHULRG /DORQGH 
YDULDWLRQ RI WKH JHQHWLF TXDOLW\ RI WKH RIIVSULQJ 7HPPH  PXOWLSOH UHVRXUFHV
0F*LQOH\ DQG &KDUQRY  JHQHUDOL]HG VL]HQXPEHU WUDGHRIIV DQG SDUHQWDO
UHVRXUFHVWDWXV9HQDEOHVHHGOLQJFRPSHWLWLRQ*HULW]5HHVDQG:HVWRE\
 YDULDWLRQ LQ SROOLQDWLRQ VXFFHVV 6DNDL  6DNDL DQG 6DNDL  RU VHHG




RI WKHDVVXPSWLRQ WKDW IRUDQ\JLYHQHQYLURQPHQW WKH UHSURGXFWLYH\LHOGSHU VHHG LV D
IL[HG IXQFWLRQ RI VHHG VL]H WKDW VLPXOWDQHRXVO\ WDNHV DFFRXQW RI DOO ELRWLF DQG DELRWLF
IDFWRUVDIIHFWLQJWKHVXUYLYDODQGH[SHFWHGIHFXQGLW\RIWKHRIIVSULQJ7KLVKRZHYHUQR
ORQJHU KROGV ZKHQ VHHG VL]H LQIOXHQFHV WKH RXWFRPH RI FRPSHWLWLRQ DPRQJ WKH
VHHGOLQJV ,Q YDULRXV VSHFLHV VHHG VL]H KDV EHHQ VKRZQ H[SHULPHQWDOO\ WR DIIHFW WKH



















PRGHO VHHGV DUHGLVSHUVHG UDQGRPO\ LQWR D ODUJHQXPEHURIGLVFUHWHJHUPLQDWLRQ VLWHV
VXFK WKDW WKH QXPEHU RI VHHGV ODQGLQJ LQ DQ\ RQH VLWH LV 3RLVVRQGLVWULEXWHG 'XULQJ
GLVSHUVDOJHUPLQDWLRQDQGHDUO\VHHGOLQJJURZWKWKHRIIVSULQJILUVWXQGHUJRDSHULRGRI
IUHTXHQF\LQGHSHQGHQWVHOHFWLRQGXHWRSUHGDWLRQEXULDOGHVLFFDWLRQDQGVRIRUWK7KH
VXUYLYDO SUREDELOLW\ IRU VHHGV RI VL]HP GXULQJ WKLV SHULRG RI IUHTXHQF\LQGHSHQGHQW
VHOHFWLRQLVGHQRWHGE\IPDQGLVDVVXPHGWREHJLYHQE\
{ }H[SPD[ PPI −⋅−= 
)LJXUHD'LIIHUHQWYDOXHVRI FRUUHVSRQGWRGLIIHUHQWKDELWDWW\SHVKLJKYDOXHVRI
DUH W\SLFDO IRURSHQPRLVWFRQGLWLRQV WKDW IDYRU VHHGOLQJHVWDEOLVKPHQW IRUERWKVPDOO
DQGODUJHVHHGV*URVVDQG:HUQHU*URVV6WDQWRQ:XOIID
ZKHUHDVORZYDOXHVRI FRUUHVSRQGWRVKDGHGFRQGLWLRQVXQGHUSHUHQQLDOYHJHWDWLRQRU
OLWWHU ZKHUH VHHGOLQJ HVWDEOLVKPHQW LV ORZ DQG ZKHUH ODUJH VHHGV KDYH D VLJQLILFDQW
SUHFRPSHWLWLYH DGYDQWDJH UHODWLYH WR VPDOOHU VHHGV *ULPH DQG -HIIUH\ +DVNLQV
DQG*RU]*URVVDQG:HUQHU*URVV:LQQ,QWKHOLPLWIRU  








)LJXUH  D 3UHFRPSHWLWLYH VHHG DQG VHHGOLQJ VXUYLYDO IP IRU GLIIHUHQW YDOXHV RI 5 UHSUHVHQWLQJ
GLIIHUHQW W\SHV RI HQYLURQPHQWV E 6HHGOLQJ FRPSHWLWLYH DELOLW\ FP IRU GLIIHUHQW YDOXHV RI 5
UHSUHVHQWLQJGLIIHUHQWOHYHOVRIFRPSHWLWLYHDV\PPHWU\
6HHGOLQJV WKDW VXUYLYH WKH LQLWLDO SKDVH RI IUHTXHQF\LQGHSHQGHQW VHOHFWLRQ
FRPSHWH IRU WKH ORFDOO\ DYDLODEOH UHVRXUFHV ZLWKLQ D JHUPLQDWLRQ VLWH 7KH LQGLYLGXDO
VHHGOLQJVPD\KDYH GLIIHUHQW H[SHFWHG IXWXUH IHFXQGLWLHV GHSHQGLQJ RQ WKH DPRXQW RI
UHVRXUFHV REWDLQHG 7KH WRWDO DPRXQW RI DYDLODEOH UHVRXUFHV SHU JHUPLQDWLRQ VLWH LV











ZKHUH FP LV D PHDVXUH RI WKH FRPSHWLWLYH DELOLW\ RI D VHHGOLQJ ZLWK VHHG VL]HP
$OWHUQDWLYHO\(TXDWLRQFDQEHLQWHUSUHWHGDVWKHSUREDELOLW\RIHVWDEOLVKPHQWZKHQ
WKHUH LV URRP IRU RQO\ RQH HVWDEOLVKHGSODQW SHU JHUPLQDWLRQ VLWH VR WKDW FRPSHWLWLRQ
DIIHFWV VXUYLYDO UDWKHU WKDQ IHFXQGLW\ 7KH WZR LQWHUSUHWDWLRQV DUH PDWKHPDWLFDOO\
HTXLYDOHQW KRZHYHU DQG JLYH H[DFWO\ WKH VDPH GHPRJUDSKLF DQG HYROXWLRQDU\
RXWFRPHV0RGHOVXVLQJ(TXDWLRQDUHFDOOHGORWWHU\FRPSHWLWLRQPRGHOVRUVDIHVLWH
PRGHOV IRU RWKHU H[DPSOHV RI ORWWHU\ FRPSHWLWLRQ DQG VDIHVLWH PRGHOV VHH HJ
&KHVVRQDQG:DUQHU)DJHUVWU|PDQGcJUHQcJUHQDQG)DJHUVWU|P
*HULW]HWDO*HULW]
)RUYDULRXVVSHFLHV LWKDVEHHQVKRZQHPSLULFDOO\ WKDWDQ LQFUHDVH LQVHHGVL]H
JLYHV D GLVSURSRUWLRQDWH ODUJH LQFUHDVH LQ DQ LQGLYLGXDO¶V WRWDO UHSURGXFWLYH RXWSXW
6WDQWRQ:XOIIE3UHVXPDEO\WKLVLVGXHWRGLIIHUHQFHVLQUHODWLYHJURZWK
UDWHVGXULQJFRPSHWLWLRQZKHQODUJHVHHGOLQJVKDYHEHWWHUDFFHVVWROLJKWDQGQXWULHQWV
WKDQ VPDOO VHHGOLQJV DV D FRQVHTXHQFH RI VKDGLQJ DQG D PRUH H[WHQGHG URRW V\VWHP
)RUG :HLQHU  6PDOO LQLWLDO GLIIHUHQFHV LQ VHHGOLQJ VL]H UHVXOWLQJ IURP
GLIIHUHQFHV LQ VHHG VL]H WKXV WHQG WR EHFRPH HQODUJHG GXULQJ FRPSHWLWLRQ JLYLQJ D
GLVSURSRUWLRQDWHO\ FRPSHWLWLYH DGYDQWDJH WR ODUJH VHHGV ,Q RWKHU ZRUGV VHHGOLQJ
FRPSHWLWLYHDELOLW\LVOLNHO\WREHDFRQYH[DQGLQFUHDVLQJIXQFWLRQRIVHHGVL]H:HKHUH
DVVXPHWKDWFPLVJLYHQE\
( )PPF H[S = 
)LJXUHEZKHUH  LVHTXDOWRWKHSURSRUWLRQDOLQFUHDVHLQFRPSHWLWLYHDELOLW\GXHWRDQ
LQFUHDVHLQVHHGVL]H7KHSDUDPHWHU GHWHUPLQHVWKHOHYHORIFRPSHWLWLYHDV\PPHWU\LI
 LV ]HUR VHHG VL]H KDV QR HIIHFW RQ WKH FRPSHWLWLYH DELOLW\ RI VHHGOLQJV DQG DOO
VHHGOLQJVLQDJLYHQJHUPLQDWLRQVLWHJHW WKHVDPHDPRXQWRI UHVRXUFHV LUUHVSHFWLYHRI
WKHLUVHHGVL]HLHV\PPHWULFFRPSHWLWLRQ'LIIHUHQFHVLQILWQHVVEHWZHHQSODQWVZLWK
GLIIHUHQWVHHGVL]HVDUHWKHQGXHRQO\WRGLIIHUHQFHVLQSUHFRPSHWLWLYHVHHGDQGVHHGOLQJ
VXUYLYDO IP VR WKDWZH HIIHFWLYHO\ UHFRYHU WKH 6PLWK)UHWZHOO PRGHO 7KXV
ZLWK V\PPHWULF FRPSHWLWLRQZH DOZD\V ILQG D VLQJOH RSWLPDO VHHG VL]H H[FOXGLQJ DOO
RWKHUVHHGVL]HVFI)LJXUHD
$V LQFUHDVHVKRZHYHUWKHFRPSHWLWLYHDGYDQWDJHRIODUJHVHHGVLQFUHDVHV,Q
WKH OLPLW IRU  DSSURDFKLQJ LQILQLW\ RQO\ WKH VLQJOH VHHGOLQJ IURP WKH ODUJHVW VHHG
SUHVHQW LQ D JLYHQ JHUPLQDWLRQ VLWH REWDLQV UHVRXUFHVZKLOH DOO RWKHU VHHGOLQJV LQ WKH
VDPH VLWH JHW QRQH DW DOO DQG WKXV IDLO WR UHSURGXFH LH H[WUHPHO\ DV\PPHWULF
FRPSHWLWLRQ :LWK H[WUHPHO\ DV\PPHWULF FRPSHWLWLRQ WKHUH LV QR ORQJHU D VLQJOH
RSWLPDOVHHGVL]HEHFDXVHDSRSXODWLRQZLWKDVLQJOHVHHGVL]HFDQDOZD\VEHLQYDGHGE\
SODQWVZLWK VOLJKWO\ ODUJHU VHHGV RU E\ SODQWVZLWK VXIILFLHQWO\ VPDOOHU EXW GXH WR WKH
VL]HQXPEHU WUDGHRIIPRUHQXPHURXV VHHGV *HULW]HWDO  ,QVWHDG WKHUH LV DQ
HYROXWLRQDULO\VWDEOHVHHGSRO\PRUSKLVPZLWKDFRQWLQXXPVHHGVL]HV)LJXUHE3ODQWV




DELOLW\ IRU LQWHUPHGLDWH OHYHOV RI FRPSHWLWLYH DV\PPHWU\   GLIIHUHQW W\SHV RI
SUHFRPSHWLWLYH HQYLURQPHQW   DQG GLIIHUHQW DPRXQWV RI UHVRXUFHV DYDLODEOH SHU
JHUPLQDWLRQVL]H5:HH[SORUHKRZWKH WZRH[WUHPHRXWFRPHVRI WKHPRGHO LHD
VLQJOHRSWLPDOVHHGVL]HZLWKV\PPHWULFFRPSHWLWLRQRQWKHRQHKDQGDQGDFRQWLQXXP
RI FRH[LVWLQJ VHHG VL]HV ZLWK H[WUHPHO\ DV\PPHWULF FRPSHWLWLRQ RQ WKH RWKHU DUH
FRQQHFWHG WR RQH DQRWKHU YLD LQWHUPHGLDWH OHYHOV RI FRPSHWLWLYH DV\PPHWU\ $W
LQWHUPHGLDWH OHYHOV RI FRPSHWLWLYH DV\PPHWU\ WKH PRGHO LV YHU\ KDUG WR DQDO\]H
DOJHEUDLFDOO\ DQG ZH WKHUHIRUH UHVRUW WR QXPHULFDO DQDO\VHV LQVWHDG 7R WKLV HQG ZH
DVVXPHWKDWHDFKLQGLYLGXDOSODQWSURGXFHVVHHGVRIRQHVL]HRQO\DQGWKDWWKHRIIVSULQJ
DOZD\VKDYH WKHVDPHVHHGVL]HDV WKHPRWKHUSODQW ,Q WKH'LVFXVVLRQZH VKDOO DUJXH
KRZWKHUHVXOWVFDQEHLQWHUSUHWHGLQWKHFRQWH[WRIDPRUHUHDOLVWLFUHSURGXFWLYHELRORJ\
$SRSXODWLRQZLWKYDULRXVFRH[LVWLQJSODQWW\SHVHDFKZLWKLWVRZQSDUWLFXODUVHHGVL]H
LV DVVXPHG WR EH DOZD\V D SURWHFWHG SRO\PRUSKLVP LQ WKH VHQVH WKDW HDFK SODQW W\SH
SUHVHQWLVSURWHFWHGDJDLQVWH[WLQFWLRQE\DQDQQXDOSHUFDSLWDJURZWKUDWHWKDWLVODUJHU
WKDQRQHZKHQUDUH0RUHRYHUZHDVVXPHWKDWSKHQRW\SLFPXWDWLRQVLQVHHGVL]HRFFXU
RQO\ YHU\ LQIUHTXHQWO\ DQG RQO\ RQH DW D WLPH VR WKDW WKH UHVLGHQW SRSXODWLRQ KDV
UHDFKHG LWV GHPRJUDSKLF HTXLOLEULXP EHIRUH WKH QH[W PXWDQW FRPHV DORQJ :H DOVR
DVVXPH WKDW WKH UHVLGHQW SRSXODWLRQ LV ODUJH HQRXJK WKDW ZH FDQ LJQRUH GHPRJUDSKLF
VWRFKDVWLFLW\ )LQDOO\ ZH DVVXPH WKDW WKH HIIHFW RI D VLQJOH PXWDWLRQ RQ VHHG VL]H LV
VPDOO EXW ILQLWH VR WKDW HYROXWLRQ SURFHHGV E\ VPDOO EXW GLVFUHWH LQGLYLGXDO VWHSV:H
DQDO\]H WKH PRGHO ZLWKLQ WKH FRQWH[W RI D WKHRUHWLFDO IUDPHZRUN IRU PRGHOLQJ
HYROXWLRQDU\G\QDPLFVGHYHORSHGE\0HW]HWDODQG*HULW]HWDODE
Evolutionarily Singular Strategies
Resident population dynamics and mutant’s fitness
&RQVLGHUDUHVLGHQWSRSXODWLRQZLWKQGLIIHUHQWSODQWW\SHVHDFKZLWKLWVRZQVHHGVL]H
GHQRWHGE\PL L «QDQG OHW1LWGHQRWH WKHGHQVLW\ LQ\HDU WRISODQWVZLWKVHHG
VL]HPLH[SUHVVHGDVWKHDYHUDJHQXPEHURIHVWDEOLVKHGSODQWVSHUJHUPLQDWLRQVLWH7KH


































$VVXPLQJ 3RLVVRQGLVWULEXWHG VHHG QXPEHUV SHU JHUPLQDWLRQ VLWH WKH QXPEHUV RI
FRPSHWLQJ VHHGOLQJV SHU JHUPLQDWLRQ VLWH N«NQ DUH DOVR 3RLVVRQGLVWULEXWHG ZLWK
H[SHFWDWLRQV1W«1QWVRWKDWWKHH[SHFWHGQXPEHURIHVWDEOLVKHGRIIVSULQJSHUSODQW
ZLWKVHHGVL]HPLLVJLYHQE\



















































XVLQJ PL5 LQVWHDG RI PL DV D UHODWLYH PHDVXUH RI VHHG VL]H LW FDQ EH VHHQ IURP
(TXDWLRQVDQGWKDW WKHRXWFRPHRIWKHPRGHOZLOOGHSHQGRQO\RQWKHWZR
SURGXFWV 5DQG 5LQVWHDGRIHDFKSDUDPHWHULQGLYLGXDOO\
$W GHPRJUDSKLF HTXLOLEULXP WKH H[SHFWHG SHU FDSLWD QXPEHU RI HVWDEOLVKHG
RIIVSULQJ(TXDWLRQLVHTXDOWRRQHIRUDOOSODQWW\SHVSUHVHQWLQWKHSRSXODWLRQ,QD
PRQRPRUSKLFUHVLGHQWSRSXODWLRQZLWKRQO\VHHGVRIVL]HP WKHUHLVDVLQJOHSRVLWLYH
DQG DV\PSWRWLFDOO\ VWDEOH HTXLOLEULXP GHQVLW\ ZKHQHYHU IP5P !  *HULW] HW DO
7KHHTXLOLEULXPGHSHQGVRQWKHUHVLGHQW¶VVHHGVL]HDQGKHQFHZLOOEHGHQRWHGE\
1P ,I IP5P ≤  WKH SHU FDSLWD QXPEHU RI HVWDEOLVKHG RIIVSULQJ LV WRR ORZ WR
PDLQWDLQDSRVLWLYHSRSXODWLRQGHQVLW\
1H[W FRQVLGHU D PXWDQW SODQW ZLWK VHHG VL]HP  LQ D PRQRPRUSKLF UHVLGHQW
SRSXODWLRQDWLWVHTXLOLEULXPZLWKVHHGVL]HP'XULQJWKHHDUO\SKDVHRILQYDVLRQZKHQ
WKHPXWDQWLVVWLOOUDUHWKHSUREDELOLW\RIWZRRUPRUHPXWDQWVHHGVODQGLQJLQWKHVDPH
JHUPLQDWLRQVLWH LVQHJOLJLEOH0XWDQW VHHGOLQJV WKHUHIRUH LQLWLDOO\ FRPSHWHRQO\ZLWK



































FI(TXDWLRQ1RWLFHWKDW:PP LVHTXDOWRWKHPXWDQW¶VILWQHVVIP 5P DVLQWKH
6PLWK)UHWZHOO  PRGHO FI (TXDWLRQ  WLPHV D FRUUHFWLRQ IDFWRU WKDW WDNHV
DFFRXQWRIWKHHIIHFWVRIFRPSHWLWLRQ2WKHUDXWKRUVDOVRXVHWKHORJDULWKPLFJURZWKUDWH
WKDW LV OQ:PP  DV DPHDVXUH RI WKHPXWDQW¶V ILWQHVV VHH HJ0HW] HW DO 
*HULW]HWDODE0HV]pQDHWDO








VR WKDW WKH UHVLGHQW LV SURWHFWHG DJDLQVW H[WLQFWLRQ DQG FDQQRW EH UHSODFHG WKHQ WKH
SRSXODWLRQQHFHVVDULO\EHFRPHVGLPRUSKLFZLWKERWKWKHUHVLGHQWDQGWKHPXWDQWOLYLQJ
WRJHWKHU:HVKDOOUHIHUWRWKLVDVPXWXDOLQYDVLELOLW\RIWKHWZRVHHGVL]HV
Evolutionarily stable singular strategies








OLQH LQVLGH D UHJLRQ IRUZKLFK:
P
P  !  VKDGHG UHJLRQV FRUUHVSRQG WR SRWHQWLDOO\
LQYDGLQJ PXWDQWV DQG WKH SDUWV RI WKH OLQH LQVLGH D UHJLRQ IRU ZKLFK :
P






























)LJXUHD3DLUZLVHLQYDVLELOLW\SORWIRU 5 DQG 5 6KDGHGUHJLRQVLQGLFDWHZKHUH:
P
P′!
E$UHDRIFRH[LVWHQFH IRU WKH VDPHSDUDPHWHUYDOXHV7KHVKDGHG UHJLRQV LQGLFDWH FRPELQDWLRQVRIP
DQGP′WKDWFDQPXWXDOO\LQYDGHDQGKHQFHFDQFRH[LVWVDVDSURWHFWHGGLPRUSKLVP
,Q)LJXUHDWKHUHDUHWKUHHHYROXWLRQDULO\VLQJXODUVWUDWHJLHVQDPHO\PP
DQGP /RRNLQJ DORQJ D YHUWLFDO OLQH WKURXJKP LW FDQ EH VHHQ WKDW QR QHDUE\
PXWDQWVFDQLQYDGHDUHVLGHQWSRSXODWLRQLQZKLFKDOOSODQWVKDYHVHHGVL]HP,QRWKHU
ZRUGVPLVDORFDOO\HYROXWLRQDULO\VWDEOHVWUDWHJ\RU(660D\QDUG6PLWK




















0D\QDUG6PLWK1RWLFH WKDWP LVQRWDJOREDO(66EHFDXVHPXWDQWV IXUWKHU
DZD\ LH EHWZHHQ P    5 DQG P    5 LQ IDFW FRXOG LQYDGH LI RQO\ WKH\
KDSSHQHG WR DSSHDU $VVXPLQJ VXIILFLHQWO\ VPDOO HYROXWLRQDU\ VWHSV KRZHYHU WKHVH
VHHG VL]HV FDQQRW EH JHQHUDWHG E\ D VLQJOH PXWDWLRQ RI P DQG FDQ WKHUHIRUH EH
LJQRUHG 1HLWKHUP QRUP LV ORFDOO\ HYROXWLRQDULO\ VWDEOH EHFDXVH ERWK FDQ EH
LQYDGHGE\DQ\QHDUE\PXWDQW)LJXUHD
Convergence stable singular strategies
)LJXUHEVKRZVZKDWFRPELQDWLRQVRIUHVLGHQWDQGPXWDQWVHHGVL]HVFDQFRH[LVWDVD








P  !  DQG:
P
P !  DW WKH VDPH WLPH DQG KHQFH FDQ FRH[LVW DV D
SURWHFWHGGLPRUSKLVP7KHVHWRISRVVLEOHSURWHFWHGGLPRUSKLVPV)LJXUHEZHVKDOO
UHIHUWRDVWKHDUHDRIFRH[LVWHQFH7KHDUHDRIFRH[LVWHQFHUHDFKHVWKHGLDJRQDORQO\DW
WKH VLQJXODU VWUDWHJLHVPP DQGP )LJXUH E0XWXDO LQYDVLELOLW\ DQG KHQFH
FRH[LVWHQFH RI WZR DOPRVW LGHQWLFDO VHHG VL]HV FDQ WKHUHIRUH RQO\ RFFXU ZKHQ WKH








VPDOOHU VHHGV ,Q RWKHU ZRUGV ZLWK VPDOO HYROXWLRQDU\ VWHSVP LV DQ HYROXWLRQDU\
DWWUDFWRU LQ WKH VHQVH WKDW DQ LQLWLDOO\ PRQRPRUSKLF SRSXODWLRQ ZLOO JUDGXDOO\ HYROYH

















FKDQJHVLWVVLJQIURPSRVLWLYHRQ WKH OHIWVLGHRI WKHDWWUDFWRU WRQHJDWLYHRQ WKHRWKHU





















































DODE)URP)LJXUHD LW FDQ DOVR EH VHHQ WKDWP ODFNV FRQYHUJHQFH VWDELOLW\
DQG WKXV LV DQ HYROXWLRQDU\ UHSHOOHU IURP ZKLFK DQ LQLWLDOO\ PRQRPRUSKLF UHVLGHQW







RFFXU LQ DQ\ FRPELQDWLRQ (VKHO DQG 0RWUR  (VKHO  7D\ORU 
&KULVWLDQVHQ  $EUDPV HW DO  (VKHO HW DO  7KH HYROXWLRQDU\
VLJQLILFDQFHRISURWHFWHGGLPRUSKLVPVDULVLQJQHDUE\DVLQJXODUVWUDWHJ\GHSHQGVRQWKH
SDUWLFXODU FRPELQDWLRQ RI WKH WZR W\SHV RI VWDELOLW\ ,I D VLQJXODU VWUDWHJ\ LV ERWK
FRQYHUJHQFHVWDEOHDQGHYROXWLRQDULO\VWDEOHOLNHLQWKHFDVHRIPLQ)LJXUHDRQO\
PXWDQWVZLWKDVHHGVL]HLQEHWZHHQWKHWZRUHVLGHQWVHHGVL]HVFDQLQYDGHVRWKDWZLWK
HDFK VXFFHVVLYH LQYDVLRQ WKH GLPRUSKLVP LV UHSODFHG E\ HLWKHU DPRQRPRUSKLVP RU D
GLPRUSKLVPWKDW LVHYHQFORVHU WR WKHVLQJXODUVWUDWHJ\ WKDQEHIRUH0HW]HWDO
*HULW] HW DO DE ,Q WKH ORQJ UXQ WKHUHIRUH DQ\ QHDUE\ GLPRUSKLVP HIIHFWLYHO\
GLVDSSHDUVDJDLQDVWKHSRSXODWLRQFRQWLQXHVWRFRQYHUJHWRWKHVLQJXODUVWUDWHJ\WKURXJK







7KH FDVH RI P ZKLFK LV FRQYHUJHQFH VWDEOH EXW QRW HYROXWLRQDULO\ VWDEOH
VWDQGV RXW LQ SDUWLFXODU )RU D PRQRPRUSKLF SRSXODWLRQ LW DFWV DV DQ HYROXWLRQDU\
DWWUDFWRU$WWKHVLQJXODUVWUDWHJ\KRZHYHUWKHPXWDQW¶VILWQHVVDVDIXQFWLRQRILWVRZQ
VWUDWHJ\KDVD ORFDOPLQLPXP$VVRRQDV WKHSRSXODWLRQ UHDFKHV WKHVLQJXODU VWUDWHJ\
DQGEHFRPHVGLPRUSKLFLWXQGHUJRHVGLVUXSWLYHVHOHFWLRQIRUFLQJWKHWZRUHVLGHQWVHHG
VL]HV WR HYROYH IXUWKHU DQG IXUWKHU DSDUW ZLWK HDFK VXFFHVVLYH LQYDVLRQ 0HW] HW DO
*HULW]HWDODE(VKHOHWDO7KLVSURFHVVRISKHQRW\SLFGLYHUJHQFH
LQDQ LQLWLDOO\PRQRPRUSKLFUHVLGHQWSRSXODWLRQZHFDOOHYROXWLRQDU\EUDQFKLQJDQGD





WKH FKDQJH LQ SODQW GHQVLW\ IURP RQH JHQHUDWLRQ WR WKH QH[W LQ D SRSXODWLRQ ZLWK DQ
DUELWUDU\QXPEHURIGLIIHUHQWSODQWW\SHV6WDUWLQJZLWKDPRQRPRUSKLFSRSXODWLRQDWWKH




DW DYHU\ ORZ IUHTXHQF\EXWPD\ LQFUHDVHRU GHFUHDVH GXULQJ VXEVHTXHQW JHQHUDWLRQV
:KHQ WKH IUHTXHQF\ RI D JLYHQ W\SH IDOOV EHORZ D FHUWDLQ SUHGHILQHG WKUHVKROG LW LV
FRQVLGHUHGWRKDYHJRQHH[WLQFWDQGLVUHPRYHGIURPWKHSRSXODWLRQ
7KHVLPXODWLRQVFRQILUPWKHSUHGLFWLRQVRI WKH WKHRU\GHSHQGLQJRQ WKH LQLWLDO
VHHG VL]H WKH SRSXODWLRQ HLWKHU HYROYHV WRZDUGV P )LJXUH D RU HYROYHV ILUVW
WRZDUGV P ZKHUH LW XQGHUJRHV HYROXWLRQDU\ EUDQFKLQJ DQG HYHQWXDOO\ EHFRPHV
GLVWLQFWLYHO\GLPRUSKLF )LJXUHE1HLWKHU WKHSUHFLVHGHQVLW\ DWZKLFKQHZPXWDQWV
DUH LQWURGXFHGRUDUHHOLPLQDWHG IURP WKHSRSXODWLRQQRU WKH H[DFW IUHTXHQF\DQG WKH
PDJQLWXGHRIPXWDWLRQVTXDOLWDWLYHO\DIIHFWWKHRXWFRPHVRIWKHVLPXODWLRQV0RUHRYHU
LQ WKH VLPXODWLRQV QHZPXWDQWV RIWHQ FRPH DORQJ EHIRUH WKH UHVLGHQW SRSXODWLRQ KDV
UHDFKHG LWV HTXLOLEULXP DQG EHIRUH LQIHULRU PXWDQWV KDYH EHHQ HOLPLQDWHG ZKLFK
GHPRQVWUDWHV WKDW WKH DVVXPSWLRQV RI VHSDUDWH WLPH VFDOHV IRU VHOHFWLRQ DQGPXWDWLRQ
DQGRIDSRO\PRUSKLVPDOZD\VEHLQJDSURWHFWHGSRO\PRUSKLVPDUHQRWYHU\FULWLFDO

)LJXUH  7ZR VLPXODWHG HYROXWLRQDU\ WUHHV ZLWK GLIIHUHQW LQLWLDO VHHG VL]HV IRU 5    DQG 5   
D7KH SRSXODWLRQ VWDUWLQJ OHIW RI WKH UHSHOOHUP UHDFKHV WKH HYROXWLRQDULO\ VWDEOH VHHG VL]HP DW




Changes in number and stability properties of evolutionary
singular strategies
7KHQXPEHUDQGWKHVWDELOLW\SURSHUWLHVRIWKHVLQJXODUVWUDWHJLHVGHSHQGRQWKHYDOXHV
RI 5 DQG 5 )LJXUH  VKRZVSDLUZLVH LQYDVLELOLW\ SORWV IRU YDULRXV FRPELQDWLRQV RI
GLIIHUHQWSDUDPHWHUYDOXHV:HILUVWFRQVLGHUWKHURZZLWK 5 $WORZYDOXHVRI 5
WKHUH LV RQO\ D VLQJOH FRQYHUJHQFH VWDEOH DQG JOREDOO\ HYROXWLRQDULO\ VWDEOH VLQJXODU
VWUDWHJ\)LJXUH 5  5 $WKLJKHUYDOXHVRI 5,WKHVLQJXODUVWUDWHJ\ORVHV
LWVJOREDOHYROXWLRQDU\VWDELOLW\DQGEHFRPHVD ORFDO(66  5  5 $V 5




PDLQGLDJRQDODWWZRDGGLWLRQDOSRLQWV 5 DQG 5 ,QDVLPLODUEXW
UHYHUVHGSURFHVVDWVWLOOKLJKHUYDOXHVRI 5WKHORZHUWZRLQWHUVHFWLRQSRLQWVZLWKWKH
PDLQ GLDJRQDOPRYH FORVHU WRJHWKHU DQG ILQDOO\PHUJH DQG DQQLKLODWH RQH DQRWKHU VR




RI WKH UHSHOOHU DQG WKH EUDQFKLQJ SRLQW EHIRUH WKH(66 ORVHV LWV JOREDO VWDELOLW\ HJ
)LJXUH 5  5 7KH(66 WKHQ LVJOREDOO\HYROXWLRQDULO\ VWDEOHEXWRQO\
ORFDOO\ FRQYHUJHQFH VWDEOH ZKLFK LV SRVVLEOH EHFDXVH RI WKH LQGHSHQGHQFH RI
HYROXWLRQDU\ VWDELOLW\ DQG FRQYHUJHQFH VWDELOLW\$W ORZHU YDOXHV RI 5 WKH(66PD\
ORVH LWV JOREDO DQG ORFDO HYROXWLRQDU\ VWDELOLW\ ZLWKRXW WKH DSSHDUDQFH RI DGGLWLRQDO
VLQJXODUVWUDWHJLHVHJ)LJXUH 5  5 DQG 5  5 
)LJXUH D VKRZV KRZ WKH QXPEHU DQG VWDELOLW\ SURSHUWLHV RI WKH VLQJXODU
VWUDWHJLHV FKDQJH DV 5 DQG 5 YDU\ FRQWLQXRXVO\ 7KH ILJXUH ZDV SURGXFHG XVLQJ




WHUPV RI WKHLU VWDELOLW\ SURSHUWLHV )RU SDUDPHWHU YDOXHV LQVLGH WKH KDWFKHG UHJLRQ WKH
SUHFRPSHWLWLYH VHHG DQG VHHGOLQJ VXUYLYDO LV WRR ORZ IRU PDLQWDLQLQJ D SRVLWLYH
SRSXODWLRQ GHQVLW\ WKDW LV IP5P LV DOZD\V VPDOOHU WKDQ RQH 7KH VHHG VL]H WKDW
PD[LPL]HVILWQHVVLQWKH6PLWK)UHWZHOOPRGHOLVWKHQRSWLPDOLQWKHVHQVHWKDWLW
PLQLPL]HV WKH UDWH RI SRSXODWLRQ GHFOLQH )RU SDUDPHWHU YDOXHV DERYH WKH KDWFKHG
UHJLRQ EXW OHIW RI WKH GRWWHG OLQH WKHUH LV D VLQJOH FRQYHUJHQFH VWDEOH DQG JOREDOO\
HYROXWLRQDULO\VWDEOHVLQJXODUVWUDWHJ\2QWKHRWKHUVLGHRIWKHGRWWHGOLQHWKH(66KDV
ORVWLWVJOREDOFKDUDFWHUDQGKDVEHFRPHRQO\DORFDO(667KHWKLQVROLGOLQHLQGLFDWHV





VLQJXODU VWUDWHJLHV 7KH OHIW HGJH RI WKH ZHGJH LQGLFDWHV ZKHUH WKH UHSHOOHU DQG WKH




SRLQWV 7KH ULJKW HGJH LQGLFDWHV ZKHUH WKH UHSHOOHU DQG WKH IRUPHU (66 PHUJH DQG
GLVDSSHDU WRJHWKHU ,Q FODVVLFDO ELIXUFDWLRQ WKHRU\ WKH PXWXDO DQQLKLODWLRQ RI WZR
VLQJXODULWLHV RU WKH VLPXOWDQHRXV DSSHDUDQFH RI WZR VLQJXODULWLHV DV D FRQVHTXHQFH RI
FKDQJLQJPRGHO SDUDPHWHUV LV FDOOHG D IROG ELIXUFDWLRQ 7KH WLS RI WKH ZHGJHVKDSHG
GRPDLQZKHUHWKHWZRIROGELIXUFDWLRQVPHHWDQGFDQFHORQHDQRWKHULVDVRFDOOHGFXVS





WKLQ GDVKHG OLQH HYROXWLRQDU\ UHSHOOHUV IRU GLIIHUHQW YDOXHV RI 5 7KH FKDQJH IURP D
JOREDO(66LQWRDORFDO(66LVLQGLFDWHGE\SRLQW³6´7KHFKDQJHIURPDORFDO(66LQWR
DEUDQFKLQJSRLQWRFFXUVMXVWEHIRUHWKHORZHUSDUWRIWKHFXUYHEHQGVXSDQGFRQQHFWVWR
WKH UHSHOOHU EXW WKH UHVROXWLRQ RI WKH ILJXUH LV WRR ORZ WR VKRZ WKLV FOHDUO\ 7KH WZR
IROGV OLH H[DFWO\ LQ EHWZHHQ WKH OHIW DQG ULJKW HGJH RI WKH ZHGJHVKDSHG GRPDLQ LQ
)LJXUH 'HWDLO RI SDLUZLVH LQYDVLELOLW\ SORWV IRU D 5    E 5    F 5    DQG









Resident population dynamics and mutant’s fitness
7R VHH ZKDW KDSSHQV DIWHU HYROXWLRQDU\ EUDQFKLQJ ZKHQ WKH SRSXODWLRQ KDV EHFRPH
GLVWLQFWLYHO\ GLPRUSKLF ZH FRQVLGHU D UHVLGHQW SRSXODWLRQ ZLWK WZR SODQW W\SHV ZLWK
VHHGVL]HVP DQGP7KH IXOO G\QDPLFVRI WKHSRSXODWLRQ IROORZV IURP(TXDWLRQ 
ZLWKQ &RH[LVWHQFHRIWZRSODQWW\SHVLVSRVVLEOHRQO\LIPDQGPDUHLQVLGHWKH





























































PRVWFRPPRQSDWWHUQ L LV WKDW WKHPXWDQW MXVWRXVWV WKH UHVLGHQW WRZKLFK LW LVPRVW
VLPLODU WKDW LV LWVSURJHQLWRUP:H VKDOO FDOO WKLV D VLPSOH VXEVWLWXWLRQ$SDUW IURP
VXEVWLWXWLRQVWKHUHDUHWKUHHRWKHUSDWWHUQVWKDWDUHUHODWLYHO\PRUHUDUHEXWWKDWGRRFFXU




LLL RFFXUV RQO\ZKHQ WKH SRSXODWLRQ LV QHDU WKH ERXQGDU\ RI WKH DUHD RI FRH[LVWHQFH
ZKHUH WKH IUHTXHQF\RIP EHFRPHV ]HUR DQG WKH FRPELQDWLRQ RIP  DQGP IDOOV MXVW
RXWVLGH WKH DUHD RI FRH[LVWHQFH ,Q WKLV FDVH WKHPXWDQW UHSODFHV ERWK IRUPHU UHVLGHQW
W\SHVVRWKDWWKHSRSXODWLRQEHFRPHVPRQRPRUSKLFDJDLQ:HVKDOOUHIHUWRWKLVDVDQ
H[WLQFWLRQHYHQW)LQDOO\ LQSDWWHUQLYPGLHVRXWZKLOHP DQGP UHPDLQZKLFK LV
RQO\SRVVLEOHDWWKHFRQIOXHQFHRIWKHFRQGLWLRQVWKDWZHJDYHIRUSDWWHUQVLLDQGLLL
$OWKRXJK WUDMHFWRULHVFRQWDLQLQJSDWWHUQ LYKDYHEXWDQHJOLJLEOH VPDOOSUREDELOLW\ WR
RFFXU DQG KDYHPRUHRYHU QHYHU EHHQ REVHUYHG IRU WKH SUHVHQWPRGHO WKH SRVVLELOLW\
FDQQRWDSULRULEHH[FOXGHG
Isoclines and evolutionarily singular coalitions
6LQFH E\ DVVXPSWLRQ PXWDWLRQV RFFXU RQO\ RQH DW D WLPH D VLQJOH HYROXWLRQDU\ VWHS
LQVLGHWKHDUHDRIFRH[LVWHQFHLVDOZD\VHLWKHUKRUL]RQWDORUYHUWLFDOGHSHQGLQJRQZKLFK



















FI (TXDWLRQ  7KH ILWQHVV JUDGLHQWV RIP DQG P WRJHWKHU GHILQH WKH VRFDOOHG
LQYDVLRQFRQHWKDWLVWKHVHWRIDGPLVVLEOHHYROXWLRQDU\FKDQJHJLYHQWKHSUHVHQWVWDWH
RIWKHUHVLGHQWSRSXODWLRQ0DWHVVLDQG'L3DVTXDOH)LJXUHVKRZVWKHDUHDRI
FRH[LVWHQFHIRU 5 DQG 5 ZLWKWKHLQYDVLRQFRQHVLQGLFDWHGE\DUURZV/LQHV
LQVLGHWKHDUHDRIFRH[LVWHQFHRQZKLFKWKHORFDOILWQHVVJUDGLHQWIRUPLLV]HURZHUHIHU
WRDVWKHHYROXWLRQDU\LVRFOLQHIRUPLRUVLPSO\WKHPLLVRFOLQH,QDUHVLGHQWSRSXODWLRQ



























$V ORQJ DV WKH SRSXODWLRQ VWD\V ZHOO LQVLGH WKH DUHD RI FRH[LVWHQFH DQG DZD\
IURPLVRFOLQHVZHDOZD\VKDYHSDWWHUQL WKDW LVDVXFFHVVIXOO\ LQYDGLQJPXWDQWZLOO
MXVW RXVW WKH UHVLGHQW WR ZKLFK LW LV PRVW VLPLODU DIWHU ZKLFK WKH SRSXODWLRQ UHPDLQV
GLPRUSKLF &ORVH WR DQ LVRFOLQH KRZHYHU ZHPD\ DOVR KDYH SDWWHUQ LL WKDW LV WKH
PXWDQW DQG ERWK IRUPHU UHVLGHQW W\SHV PD\ FRH[LVW VR WKDW WKH SRSXODWLRQ EHFRPHV
WULPRUSKLFDWOHDVWWLOOWKHQH[WVXFFHVVIXOPXWDQWFRPHVDORQJ7RXQGHUVWDQGWKLVZH
FDQ GR D WKRXJKW H[SHULPHQW LQ ZKLFK P LV IL[HG DQG GRHV QRW HYROYH 7KH
FRUUHVSRQGLQJSRLQWRQWKHPLVRFOLQHWKHQFDQEHFRQVLGHUHGDVDVLQJXODUVWUDWHJ\IRU
PLQDSRSXODWLRQLQZKLFKPLVQRZPHUHO\DQHQYLURQPHQWDOSDUDPHWHU7KLVPHDQV
WKDWZH FDQ VWXG\ WKH IDWH RIPPXWDQWV QHDU WKH LVRFOLQH LQ WKH VDPHPDQQHU DVZH
VWXGLHG WKH IDWH RI PXWDQWV QHDU D VLQJXODU VWUDWHJ\ LQ D PRQRPRUSKLF UHVLGHQW
SRSXODWLRQ:HWKXVILQGWKDWPXWXDOLQYDVLELOLW\RIDPXWDQWDQGLWVUHVLGHQWSURJHQLWRU
LQDGLPRUSKLF UHVLGHQWSRSXODWLRQ LVRQO\SRVVLEOH LQ WKHQHLJKERXUKRRGRI LVRFOLQHV




PXWXDO LQYDVLELOLW\ ZLOO OHDG WR HYROXWLRQDU\ EUDQFKLQJ LI DW WKH SRLQW RI LQWHUVHFWLRQ
HLWKHURUERWKLVRFOLQHVFRUUHVSRQGWRORFDOILWQHVVPLQLPD
7KH SRLQWV RI LQWHUVHFWLRQ RI LVRFOLQHV DUH VRFDOOHG HYROXWLRQDULO\ VLQJXODU
FRDOLWLRQV0HW]HWDO*HULW]HWDODE'XHWRWKHGLDJRQDOV\PPHWU\RI
WKHDUHDRIFRH[LVWHQFHVLQJXODUFRDOLWLRQVDOZD\VRFFXULQUHFLSURFDOSDLUVRQHRQHDFK
VLGH RI WKH GLDJRQDO )LJXUH %RWK UHSUHVHQW WKH VDPH SRSXODWLRQ WKDW LVZLWK WKH
VDPH VHHG VL]HV EXW ZLWK D GLIIHUHQW RUGHU RI QXPEHULQJ WKH UHVLGHQW VWUDWHJLHV $
VLQJXODUFRDOLWLRQLVHYROXWLRQDULO\VWDEOHLHQRPXWDQWFDQLQYDGHLIDW WKHSRLQWRI
LQWHUVHFWLRQ ERWK LVRFOLQHV FRUUHVSRQG WR ORFDO ILWQHVV PD[LPD 9LQFHQW DQG %URZQ
 *HQHUDOL]DWLRQ RI FRQYHUJHQFH VWDELOLW\ LV OHVV VWUDLJKWIRUZDUG EHFDXVH RI WKH




KLJKHU GHJUHH RI IUHHGRP RI HYROXWLRQDU\ FKDQJH LQ SRSXODWLRQV ZLWK WZR RU PRUH
UHVLGHQW VWUDWHJLHV 8QOLNH FRQYHUJHQFH LQ PRQRPRUSKLF SRSXODWLRQV FRQYHUJHQFH DW
KLJKHUOHYHOVRISRO\PRUSKLVPPD\GHSHQGRQWKHUHODWLYHPXWDWLRQUDWHVDQGVWHSVL]HV
RI WKH GLIIHUHQW UHVLGHQW VWUDWHJLHV $EUDPV HW DO  8QDPELJXRXV H[DPSOHV RI
FRQYHUJHQFH LQ GLPRUSKLF SRSXODWLRQV KRZHYHU FDQ VRPHWLPHV EH FRQVWUXFWHG
JUDSKLFDOO\ XVLQJ WKH LQYDVLRQ FRQHV 0DWHVVL DQG 'L 3DVTXDOH  /LNH LQ WKH
PRQRPRUSKLF FDVH HYROXWLRQDU\ VWDELOLW\ DQG FRQYHUJHQFH VWDELOLW\ RI GLPRUSKLF
VLQJXODUFRDOLWLRQVDUHIXOO\LQGHSHQGHQWSURSHUWLHVWKDWFDQRFFXULQDQ\FRPELQDWLRQ$
VLQJXODUFRDOLWLRQWKDWLVFRQYHUJHQFHVWDEOHEXWQRWHYROXWLRQDULO\VWDEOHIRUDWOHDVWRQH
RI WKH UHVLGHQW W\SHV JLYHV ULVH WR GLVUXSWLYH VHOHFWLRQ DQG IXUWKHU EUDQFKLQJ RI WKH
HYROXWLRQDU\WUHH
)RU 5    DQG 5    WKHUH LV D VLQJOH HYROXWLRQDULO\ VLQJXODU FRDOLWLRQ
)LJXUH ,W FDQ EH VHHQ IURP WKH LQYDVLRQ FRQHV WKDW WKH VLQJXODU FRDOLWLRQ ZLOO EH
UHDFKHGIURPPRVWSODFHV LQVLGH WKHDUHDRIFRH[LVWHQFHDQG WKHUHIRUH LVFRQYHUJHQFH
VWDEOH ,Q SDUWLFXODU DQ LQLWLDOO\ PRQRPRUSKLF SRSXODWLRQ WKDW HQWHUV WKH DUHD RI
FRH[LVWHQFHQHDUWKHSRLQWPPLQHYLWDEO\ZLOOHQGXSQHDUWKHVLQJXODUFRDOLWLRQ
7KHVLQJXODUFRDOLWLRQLVHYROXWLRQDULO\VWDEOHEHFDXVHDWWKHSRLQWRILQWHUVHFWLRQERWK
LVRFOLQHV UHSUHVHQW ORFDO ILWQHVVPD[LPD7KH VLQJXODU FRDOLWLRQ WKXV UHSUHVHQWV D ILQDO
VWRSRIWKHHYROXWLRQDU\SURFHVV7KHFRUUHVSRQGLQJVLPXODWHGHYROXWLRQDU\WUHHLVJLYHQ
LQ)LJXUHE
)LJXUH D JLYHV WKH DUHD RI FRH[LVWHQFHZLWK LVRFOLQHV DQG LQYDVLRQ FRQHV IRU
5 DQG 5 1RZ WKHUH DUH WKUHHGLIIHUHQW HYROXWLRQDULO\ VLQJXODU FRDOLWLRQV
ZHFRQVLGHUWKHVLQJXODULWLHVRQHLWKHUVLGHRIWKHPDLQGLDJRQDODVLGHQWLFDO1RQHRI
WKHVH LV HYROXWLRQDULO\ VWDEOH EHFDXVH DW HDFK LQWHUVHFWLRQ SRLQW RQH RU ERWK LVRFOLQHV
FRUUHVSRQGWRILWQHVVPLQLPD)URPWKHLQYDVLRQFRQHVLWFDQEHVHHQWKDWWKHPLGGOHRI

)LJXUH  D $UHD RI FRH[LVWHQFH ZLWK LVRFOLQHV DQG LQYDVLRQ FRQHV IRU 5    DQG 5    DQG
EVLPXODWHGHYROXWLRQDU\WUHH$WWLPHWWKHSRSXODWLRQUHDFKHVWKHEUDQFKLQJSRLQWPDQGXQGHUJRHV
HYROXWLRQDU\EUDQFKLQJ$WWLPHWWKHGLPRUSKLFSRSXODWLRQUHDFKHVWKHGLPRUSKLFVLQJXODULW\ZKHUHLWIRU
D VHFRQG WLPH XQGHUJRHV GLVUXSWLYH VHOHFWLRQ $W W WKH SRSXODWLRQ UHDFKHV DQ HYROXWLRQDULO\ VWDEOH
WULPRUSKLVP

WKH WKUHH VLQJXODU FRDOLWLRQV LV DQ HYROXWLRQDU\ UHSHOOHU ZKHUHDV WKH RWKHU WZR DUH
FRQYHUJHQFH VWDEOH )RU DQ LQLWLDOO\ PRQRPRUSKLF SRSXODWLRQ WKDW XQGHUJRHV
HYROXWLRQDU\EUDQFKLQJDQGHQWHUV WKHDUHDRIFRH[LVWHQFHQHDU WKHSRLQW PP WKH
SUREDELOLW\RIUHDFKLQJWKHDWWUDFWRUIXUWKHVWDZD\IURPWKHGLDJRQDOLVQHJOLJLEO\VPDOO
DV LW ZRXOG UHTXLUH PXWDWLRQV WR RFFXU V\VWHPDWLFDOO\ PXFK PRUH IUHTXHQWO\ LQ RQH
UHVLGHQWVWUDWHJ\WKDQLQWKHRWKHU,QVWHDGWKHSRSXODWLRQHYROYHVWRZDUGVWKHVLQJXODU
FRDOLWLRQ WKDW LV FORVHVW WR WKH GLDJRQDO/DFNLQJ HYROXWLRQDU\ VWDELOLW\ WKH SRSXODWLRQ
WKHQIRUDVHFRQGWLPHXQGHUJRHVGLVUXSWLYHVHOHFWLRQDQGHYROXWLRQDU\EUDQFKLQJ7KH
FRUUHVSRQGLQJ VLPXODWHG HYROXWLRQDU\ WUHH LV JLYHQ LQ )LJXUH E $ GLPRUSKLF
HYROXWLRQDU\DWWUDFWRU WKDW ODFNVHYROXWLRQDU\VWDELOLW\ZHVKDOO UHIHU WRDVDGLPRUSKLF
EUDQFKLQJSRLQW
Change in number and stability properties of evolutionary
singular coalitions
)LJXUHDVKRZVKRZWKHQXPEHUDQGVWDELOLW\SURSHUWLHVRIWKHVLQJXODUFRDOLWLRQVLQD
GLPRUSKLF UHVLGHQW SRSXODWLRQ GHSHQG RQ 5 DQG 5 'LPRUSKLF VLQJXODULWLHV GR QRW






JHQHUDWHG E\ D VLQJOH PXWDWLRQ 7KH QHZ GLPRUSKLVP WKHUHIRUH PD\ UHPDLQ
XQUHDFKDEOHXQWLO WKHPRQRPRUSKLF(66 ORVHV DOVR LWV ORFDO HYROXWLRQDU\ VWDELOLW\ DQG
EHFRPHV D EUDQFKLQJ SRLQW DW VRPH KLJKHU YDOXH RI 52QO\ DW SRLQW ³3´ZKHUH WKH
PRQRPRUSKLF (66 ORVHV LWV JOREDO DQG ORFDO HYROXWLRQDU\ VWDELOLW\ DQG WXUQV LQWR D

)LJXUHD1XPEHUDQGVWDELOLW\SURSHUWLHVRIWKHGLPRUSKLFVLQJXODUFRDOLWLRQVDVDIXQFWLRQRI 5DQG
5 E 7KH DFWXDO YDOXHV RI WKH GLPRUSKLF VLQJXODULWLHV DV IXQFWLRQV RI 5 IRU IL[HG 5    DQG






LV D VLQJOH FRQYHUJHQFH VWDEOH DQG JOREDOO\ HYROXWLRQDULO\ VWDEOH GLPRUSKLF VLQJXODU
FRDOLWLRQ 2Q WKH RWKHU VLGH RI WKH GRWWHG OLQH WKH GLPRUSKLVP KDV ORVW LWV JOREDO
HYROXWLRQDU\ VWDELOLW\ EXW UHWDLQV LWV ORFDO HYROXWLRQDU\ VWDELOLW\ 7KH GRWWHG OLQH DOVR
FRUUHVSRQGV WR WKH ILUVW RFFXUUHQFH RI DQ HYROXWLRQDULO\ VWDEOH WULPRUSKLVP 7KH WKLQ
VROLGOLQHLQGLFDWHVZKHUHWKHVPDOOHUVHHGVL]HRIWKHGLPRUSKLVPORVHVLWVHYROXWLRQDU\
VWDELOLW\ DQG EHFRPHV D ORFDO ILWQHVV PLQLPXP WKDW PD\ JLYH ULVH WR HYROXWLRQDU\
EUDQFKLQJ$WSRLQW³7´ZKHUHWKHGRWWHGOLQHDQGWKHWKLQVROLGOLQHWRXFKRQHDQRWKHU
















VL]H RI WKH UHSHOOHU DOZD\V FRUUHVSRQGV WR D ILWQHVV PLQLPXP 7KH ULJKW HGJH RI WKH
ZHGJH LQGLFDWHV D IROG ELIXUFDWLRQ ZKHUH WKH UHSHOOHU DQG WKH IRUPHU HYROXWLRQDULO\
VWDEOHVLQJXODUFRDOLWLRQPHUJHDQGGLVDSSHDU
)LJXUH E LV D KRUL]RQWDO FURVVVHFWLRQ WKURXJK WKH ZHGJHVKDSHG GRPDLQ DW
5 VKRZLQJWKHDFWXDOYDOXHVRI WKHGLPRUSKLFVLQJXODUFRDOLWLRQVDV IXQFWLRQVRI
5 )RU WKH VDNH RI FRPSDULVRQ WKH PRQRPRUSKLF VLQJXODU VWUDWHJLHV KDYH EHHQ
LQGLFDWHG E\ D WKLQ GRWWHG OLQH FI )LJXUH E 7KH PRUH KHDY\ FXUYHV GHQRWH WKH
GLPRUSKLF VLQJXODU FRDOLWLRQV 7KH ORZHU FXUYH LQGLFDWHV WKH VPDOOHU VHHG VL]H RI WKH
FRDOLWLRQDQGWKHXSSHUFXUYHWKHODUJHUVHHGVL]H7KLFNVROLGOLQHVFRUUHVSRQGWRORFDO
ILWQHVVPD[LPD WKLQ VROLG OLQHV WR ORFDO ILWQHVVPLQLPD DQG WKHGDVKHG OLQHV LQGLFDWH
HYROXWLRQDU\ UHSHOOHUV $ VLQJXODU FRDOLWLRQ LV HYROXWLRQDULO\ VWDEOH RQO\ ZKHUH ERWK
FXUYHV DUH WKLFN DQG VROLG 7KH GRXEOH IROG OLHV H[DFWO\ LQ EHWZHHQ WKH HGJHV RI WKH
ZHGJHVKDSHG GRPDLQ LQ )LJXUH D 7KH IODWQHVV RI WKH IROG LQ WKH XSSHU FXUYH LV
GLUHFWO\ UHODWHG WR WKHIDFW WKDW WKH LVRFOLQHIRU WKH ODUJHUVHHGVL]H LVDOPRVWDVWUDLJKW
OLQH SDUDOOHO WR WKH KRUL]RQWDO D[LV RI WKH FRH[LVWHQFH SORW FI )LJXUH D $V 5
GHFUHDVHV WRZDUGV SRLQW ³6´ ZKHUH WKH GLPRUSKLVP EHFRPHV H[WLQFW DQG WKH
PRQRPRUSKLFVLQJXODULW\FKDQJHVIURPDORFDO(66RQWKHULJKWVLGHRI³6´LQWRDJOREDO
(66 RQ WKH OHIW WKH IUHTXHQF\ RI WKH ODUJHU VHHG VL]H RI WKH GLPRUSKLVP JUDGXDOO\
EHFRPHV ]HUR ZKHUHDV WKH VPDOOHU VHHG VL]H FRQYHUJHV WR WKH PRQRPRUSKLF (66

LQGLFDWHG E\ WKH WKLQ GRWWHG OLQH )LJXUH E ,Q FURVVVHFWLRQV WKURXJK )LJXUH D
EHORZSRLQW³3´KRZHYHULWLVDOZD\VWKHVPDOOHUVHHGVL]HWKDWJRHVH[WLQFWZKLOHWKH




Generalization to higher levels of polymorphism
*UDSKLFDODQDO\VHVXVLQJSDLUZLVHLQYDVLELOLW\SORWVDQGLVRFOLQHVLVQR ORQJHUSRVVLEOH
IRUUHVLGHQWSRSXODWLRQVZLWKWKUHHRUPRUHFRH[LVWLQJSKHQRW\SHV*HQHUDOL]DWLRQRIWKH
DOJHEUDLF DSSURDFK WR KLJKHU OHYHOV RI SRO\PRUSKLVPV LQFOXGLQJ WKH SUREOHPV ZLWK
FRQYHUJHQFHVWDELOLW\ LV VWUDLJKWIRUZDUG 0HW]HWDO*HULW]HWDO D7KH
ILWQHVV :
P«PQP  RI DQ LQLWLDOO\ UDUH PXWDQW ZLWK VHHG VL]H P  LQ D UHVLGHQW
SRSXODWLRQ ZLWK VHHG VL]HVP«PQ DW LWV GHPRJUDSKLF HTXLOLEULXP GLUHFWO\ IROORZV
IURP(TXDWLRQEXWZLWKQUHVLGHQWW\SHVLQVWHDGRIWZR'HPRJUDSKLFVWDELOLW\DQG
XQLTXHQHVV RI WKH UHVLGHQW SRSXODWLRQ HTXLOLEULXP ZDV YHULILHG E\ VLPXODWLRQ RI WKH
UHVLGHQW SRSXODWLRQ G\QDPLFV XVLQJ (TXDWLRQ  :LWK VPDOO HYROXWLRQDU\ VWHSV WKH
GLUHFWLRQRIHYROXWLRQDU\FKDQJH LQHDFK UHVLGHQW VHHGVL]H LVJLYHQE\ WKHVLJQRI WKH
FRUUHVSRQGLQJ ORFDO ILWQHVV JUDGLHQW FI (TXDWLRQ  7KH LVRFOLQHV ZKHUH WKH ORFDO
ILWQHVV JUDGLHQW LV ]HUR DUH QR ORQJHU OLQHV EXW QGLPHQVLRQDO PDQLIROGV $Q
HYROXWLRQDULO\VLQJXODUFRDOLWLRQLVDSURWHFWHGSRO\PRUSKLVPVXFKWKDWWKHORFDOILWQHVV
JUDGLHQWLV]HURIRUDOOUHVLGHQWW\SHVDWWKHVDPHWLPHLHZKHUHDOOLVRFOLQHVLQWHUVHFW
DQG FDQ EH IRXQGXVLQJ VWDQGDUG QXPHULFDOPHWKRGV IRU VROYLQJ V\VWHPV RI QRQOLQHDU
HTXDWLRQV$ VLQJXODU FRDOLWLRQ LV HYROXWLRQDULO\ VWDEOH LI DW WKH VLQJXODU FRDOLWLRQ WKH
PXWDQW¶V ILWQHVVDVD IXQFWLRQRI LWVRZQVWUDWHJ\KDVD ORFDOPD[LPXPDWHDFKRI WKH
UHVLGHQWVWUDWHJLHVFI(TXDWLRQ
)LJXUH  VKRZV WKDW FKDQJHV LQ WKH QXPEHU DQG VWDELOLW\ SURSHUWLHV RI WKH
VLQJXODUFRDOLWLRQVGXHWRFKDQJHVLQ 5DQG 5H[KLELWVLPLODUSDWWHUQVDWDOOOHYHOVRI
SRO\PRUSKLVP /RVV RI JOREDO HYROXWLRQDU\ VWDELOLW\ DOZD\V FRLQFLGHV ZLWK WKH
HPHUJHQFH RI DQ HYROXWLRQDULO\ VWDEOH VLQJXODULW\ DW D KLJKHU OHYHO RI SRO\PRUSKLVP
GRWWHG OLQHV LQ )LJXUH  )RU SDUDPHWHU YDOXHV LQVLGH WKH UHJLRQV QXPEHUHG ³,´
WKURXJK ³9,´ VHSDUDWHG IURP RQH DQRWKHU E\ WKH GRWWHG OLQHV WKHUH H[LVW JOREDOO\
HYROXWLRQDULO\VWDEOHVLQJXODUVWUDWHJLHVRUVLQJXODUFRDOLWLRQVZLWKUHVSHFWLYHO\RQHXS
WR VL[ GLIIHUHQW FRH[LVWLQJ VHHG VL]HV +LJKHU OHYHOV RI SRO\PRUSKLVP RFFXU DW ODUJHU
YDOXHV RI 52Q FURVVLQJ WKH ERUGHU EHWZHHQ WZR VXFK UHJLRQV IURP WKH OHIW WR WKH
ULJKW WKH JOREDOO\ HYROXWLRQDULO\ VWDEOH VLQJXODU VWUDWHJ\ RU FRDOLWLRQ RQ WKH OHIW VLGH
ORVHV LWV JOREDO VWDELOLW\ DQG EHFRPHV RQO\ ORFDOO\ HYROXWLRQDULO\ VWDEOH $W WKH VDPH





DZHGJHVKDSHGSDUDPHWHU UHJLRQ WKH HGJHVRIZKLFK FRUUHVSRQG WR D IROGELIXUFDWLRQ
ZKHUH WZR VLQJXODULWLHV VLPXOWDQHRXVO\ DSSHDU RU GLVDSSHDU WKLFN VROLG OLQHV LQ
)LJXUH7KHOHIWHGJHRIHDFKZHGJHKDVDYHUWLFDODV\PSWRWHZKLOHWKHULJKWHGJH

FRQYHUJHV WR D VWUDLJKW OLQH ZLWK D SRVLWLYH VORSH WKDW LV WKH VDPH IRU DOO OHYHOV RI
SRO\PRUSKLVP,QVLGHWKHKDWFKHGUHJLRQQHDUWKHERWWRPRIWKH)LJXUHWKHUHDUHQR
HYROXWLRQDU\VLQJXODULWLHV
Extinction of evolutionary branches
)RUSDUDPHWHUFRPELQDWLRQVLQVLGHWKHGRWWHGUHJLRQLQ)LJXUHZKLFKLVIRUPHGE\
WKH LQWHUVHFWLRQ DW SRLQW ³4´ RI WKH OHIWPRVWZHGJH VKDSHG GRPDLQ DQG UHJLRQ ³,´
WKHUHDUHWKUHHPRQRPRUSKLFVLQJXODULWLHVLHDQ(66DUHSHOOHUDQGDEUDQFKLQJSRLQW
EXWQRVLQJXODULWLHVZLWKWZRRUPRUHFRH[LVWLQJVHHGW\SHV)LJXUHDVKRZVWKHDUHD
RIFRH[LVWHQFHZLWKLVRFOLQHVDQGLQYDVLRQFRQHVIRU 5 DQG 5 ZKLFKLVZHOO
LQVLGH WKLVSDUDPHWHU UHJLRQ6LQFH WKH LVRFOLQHV LQVLGH WKH DUHD RI FRH[LVWHQFH GR QRW
LQWHUVHFW WKHUH DUH QR GLPRUSKLF VLQJXODULWLHV $Q LQLWLDOO\ PRQRPRUSKLF SRSXODWLRQ
VWDUWLQJ LQVLGH WKH GRPDLQ RI DWWUDFWLRQ RI WKH EUDQFKLQJ SRLQW P ZLOO XQGHUJR
HYROXWLRQDU\EUDQFKLQJDQGZLOOHQWHUWKHDUHDRIFRH[LVWHQFHQHDUWKHSRLQWPP
7KHUHEHLQJQRGLPRUSKLFVLQJXODULW\KRZHYHUWKHSRSXODWLRQHYROYHVDORQJWKHWKLFN






1% H[WLQFWLRQV DUH DOVR SRVVLEOH IRU SDUDPHWHU FRPELQDWLRQV LQVLGH D QDUURZ VWULS
DORQJWKHRXWVLGHRIWKHULJKWHGJHRIWKHGRWWHGUHJLRQLQ)LJXUHEXWLVWRRQDUURZWR




)LJXUH 'LIIHUHQW OHYHOV RI HYROXWLRQDULO\ VWDEOH SRO\PRUSKLVPV LQVLGH WKH UHJLRQV ³,´ WKURXJK ³9,´
VHSDUDWHGE\WKHGRWWHGOLQHV7KLFNOLQHVLQGLFDWHIROGELIXUFDWLRQVIRUVLQJXODULWLHVZLWKRQHWKURXJKIRXU






WKHUH DUH LQ DGGLWLRQ WR WKH WKUHH PRQRPRUSKLF VLQJXODU VWUDWHJLHV DOVR D GLPRUSKLF
HYROXWLRQDULO\ VWDEOH VLQJXODU FRDOLWLRQ D GLPRUSKLF DWWUDFWRU ODFNLQJ HYROXWLRQDU\
VWDELOLW\LHDGLPRUSKLFEUDQFKLQJSRLQWDQGDGLPRUSKLFUHSHOOHUVHSDUDWLQJWKHWZR
7KHUH DUH QR VLQJXODULWLHVZLWK WKUHH RUPRUH FRH[LVWLQJ UHVLGHQW W\SHV KRZHYHU $Q
LQLWLDOO\ PRQRPRUSKLF SRSXODWLRQ VWDUWLQJ LQVLGH WKH GRPDLQ RI DWWUDFWLRQ RI WKH
EUDQFKLQJSRLQWZLOOXQGHUJRHYROXWLRQDU\EUDQFKLQJWZLFHWKDWLVDWWKHPRQRPRUSKLF
EUDQFKLQJSRLQWDQGQH[W LQVLGH WKHDUHDRIFRH[LVWHQFHQHDU WKHGLPRUSKLFEUDQFKLQJ
SRLQW 7KH GLPRUSKLF HYROXWLRQDULO\ VWDEOH VLQJXODU FRDOLWLRQ LV YLUWXDOO\ XQUHDFKDEOH





WUHHIRU 5 DQG 5 LVJLYHQLQ)LJXUHD
$V 5 LQFUHDVHV WKHUH DUH PRUH DQG PRUH SDUWV RI WKH SDUDPHWHU VSDFH
FRUUHVSRQGLQJWRGLIIHUHQWH[WLQFWLRQSDWWHUQVLQFOXGLQJFDVFDGHVRIH[WLQFWLRQVZKHUHD
SRSXODWLRQPD\GURSVHYHUDO OHYHOVRISRO\PRUSKLVPLQVXFFHVVLRQZLWKLQDYHU\VKRUW
WLPHLHµPDVVH[WLQFWLRQV)RUH[DPSOHDW 5 DQG 5 ZKLFKLVRXWVLGHWKH
SDUDPHWHUUDQJHVKRZQLQ)LJXUHKRZHYHU WKHULJKWHGJHRI UHJLRQ³,´HQWHUV WKH
VHFRQGZHGJHVKDSHGGRPDLQQRWVKRZQ WKXVIRUPLQJDSDUDPHWHUUHJLRQLQVLGHWKH
FURVVKDWFKHGUHJLRQ LQZKLFK WKHGLPRUSKLFHYROXWLRQDULO\ VWDEOH VLQJXODUFRDOLWLRQ LV
PLVVLQJ $IWHU WZR URXQGV RI HYROXWLRQDU\ EUDQFKLQJ DQG RQH H[WLQFWLRQ HYHQW WKH

)LJXUH  D $UHD RI FRH[LVWHQFH ZLWK LVRFOLQHV DQG LQYDVLRQ FRQHV IRU 5    DQG 5    DQG
EFRUUHVSRQGLQJ VLPXODWHG HYROXWLRQDU\ WUHH7KH LQLWLDOO\PRQRPRUSKLFSRSXODWLRQ VWDUWLQJ LQVLGH WKH
GRPDLQRIDWWUDFWLRQRIPXQGHUJRHVHYROXWLRQDU\EUDQFKLQJDQGHQWHUVWKHDUHDRIFRH[LVWHQFHDWWLPH
W 7KH SRSXODWLRQ UHDFKHV WKH HGJH RI WKH DUHD RI FRH[LVWHQFH DQG IDOOV EDFN WR DPRQRPRUSKLF VWDWH
VRPHZKHUHLQVLGHWKHGRPDLQRIDWWUDFWLRQRIPDWWLPHW

SRSXODWLRQZLOO OHDYH WKHYROXPHRISURWHFWHG WULPRUSKLVPVDQG ILQGV LWVHOI LQVLGH WKH





SRSXODWLRQ WKXV H[SHULHQFHV WZR EUDQFKLQJ DQG WZR H[WLQFWLRQ HYHQWV 7KH









VLWH DQG WKH SUHFRPSHWLWLYH HQYLURQPHQW UHPDLQ FRQVWDQW DPRXQWV WRPRYLQJ DORQJ D
KRUL]RQWDO OLQH WKURXJK WKHSDUDPHWHU VSDFH LQ)LJXUH ,I FRPSHWLWLYH DV\PPHWU\ LV
ZHDNVHHGOLQJVIURPODUJHVHHGVKDYHEXWDVPDOOFRPSHWLWLYHDGYDQWDJHFRPSDUHGWR
VHHGOLQJV IURP VPDOOHU VHHGV &RQVHTXHQWO\ GLIIHUHQFHV LQ ILWQHVV DUH PDLQO\ GXH WR
GLIIHUHQFHV LQ VXUYLYDO GXULQJ WKH SUHFRPSHWLWLYH SKDVH RI IUHTXHQF\LQGHSHQGHQW
VHOHFWLRQ UDWKHU WKDQ WR FRPSHWLWLRQ VR WKDW OLNH LQ WKHPRGHO RI 6PLWK DQG )UHWZHOO
WKHUHLVRQO\DVLQJOHHYROXWLRQDULO\VWDEOHVHHGVL]H$VFRPSHWLWLYHDV\PPHWU\
LQFUHDVHV HYROXWLRQDULO\ VWDEOH VHHG VL]H SRO\PRUSKLVPV ZLWK SURJUHVVLYHO\ ODUJHU
QXPEHUV RI GLIIHUHQW VHHG VL]HV EHFRPH SRVVLEOH (DFK VXFK QHZ SRO\PRUSKLVP ILUVW
DSSHDUVZKHQWKHIRUPHURQHORVHVLWVJOREDOHYROXWLRQDU\VWDELOLW\WKDWLVZKHQLWFDQ
)LJXUH6LPXODWHGWUHHVZLWKGLIIHUHQWH[WLQFWLRQSDWWHUQVIRUD 5 DQG 5 JLYLQJULVHWR
RQHEUDQFKWKDWJRHVH[WLQFWDQGE 5 DQG 5 ZLWKWZRH[WLQFWEUDQFKHV

EH LQYDGHG E\ PXWDQWV VXIILFLHQWO\ GLIIHUHQW IURP WKH W\SHV DOUHDG\ SUHVHQW LQ WKH
SRSXODWLRQ/RFDOHYROXWLRQDU\VWDELOLW\LVQRWORVWKRZHYHUXQWLODWVRPHKLJKHUGHJUHH
RI FRPSHWLWLYH DV\PPHWU\ PXWDQWV DUELWUDULO\ QHDUE\ FDQ DOVR LQYDGH 7KXV LI RQO\
PXWDQWV ZLWK VPDOO SKHQRW\SLF HIIHFW DUH SRVVLEOH YDULRXV HYROXWLRQDULO\ VWDEOH
VWUDWHJLHV RU FRDOLWLRQV FDQ FRH[LVW DW WKH VDPH SDUDPHWHU YDOXHV ,Q WKH OLPLW RI
H[WUHPHO\DV\PPHWULFFRPSHWLWLRQZKHQRQO\WKHVHHGOLQJIURPWKHVLQJOHODUJHVWVHHG
SUHVHQW LQ DJLYHQ VLWHREWDLQV UHVRXUFHVZKLOHRWKHU VHHGOLQJV IURP VPDOOHU VHHGV JHW
QRQH WKHUH LVDQHYROXWLRQDULO\VWDEOHVHHGSRO\PRUSKLVPZLWKDFRQWLQWXRXV UDQJHRI
VHHG VL]HV *HULW]  6WURQJ FRPSHWLWLYH DV\PPHWU\ IDYRUV FRH[LVWHQFH RI
DOWHUQDWLYH VWUDWHJLHV EHFDXVH WKH FRPSHWLWLYH DGYDQWDJH RI SODQWVZLWK ODUJH VHHGV LV
VXIILFLHQWO\ VWURQJ WRFRPSHQVDWH IRU WKHLU ORZHUSHUFDSLWD VHHGQXPEHUZKLOHSODQWV
ZLWK VPDOO VHHGV KDYH VXIILFLHQWO\PDQ\ VHHGV WR H[SORLW VLWHV WKDW E\ FKDQFH UHPDLQ
XQRFFXSLHGE\WKHODUJHUVHHGVRIWKHLUVXSHULRUFRPSHWLWRUV
,QFUHDVLQJRUGHFUHDVLQJWKHWRWDODPRXQWRIUHVRXUFHVSHUJHUPLQDWLRQVLWHZKLOH





ERWK9DU\LQJWKHDPRXQWRI UHVRXUFHVKDVYHU\PXFK WKHVDPHHIIHFWDVFKDQJLQJ WKH
FRPSHWLWLYH DV\PPHWU\ ,I UHVRXUFHV DUH VFDUFH WKH SRSXODWLRQ GHQVLW\ LV WRR ORZ IRU
FRPSHWLWLRQ WR EH D VLJQLILFDQW HYROXWLRQDU\ IDFWRU &RQVHTXHQWO\ IUHTXHQF\
LQGHSHQGHQWVHOHFWLRQGXULQJWKHSUHFRPSHWLWLYHSKDVHGRPLQDWHVVRWKDWWKHUHLVRQO\D
VLQJOH HYROXWLRQDULO\ VWDEOH VHHG VL]H $V WKH DPRXQW RI UHVRXUFHV LQFUHDVHV
HYROXWLRQDULO\ VWDEOH SRO\PRUSKLVPV ZLWK SURJUHVVLYHO\ ODUJHU QXPEHUV RI FRH[LVWLQJ
VHHGVL]HVEHFRPHSRVVLEOH+RZHYHULIWKHVORSHRIWKHOLQHLVVXIILFLHQWO\VWHHSLH
VWHHSHU WKDQ WKH DV\PSWRWLF VORSH RI WKH ULJKW HGJH RI WKH ZHGJHVKDSHG GRPDLQ LQ
)LJXUHWKHQWKHPRQRPRUSKLF(66UHWDLQVLWVORFDOHYROXWLRQDU\VWDELOLW\DQGH[LVWV
QH[W WR KLJKHU OHYHOV RI HYROXWLRQDULO\ VWDEOH VHHG SRO\PRUSKLVP LUUHVSHFWLYHO\ RI WKH
DPRXQWRIUHVRXUFHV
&KDQJLQJRQO\WKHSUHFRPSHWLWLYHHQYLURQPHQWZKLOHWKHFRPSHWLWLYHDV\PPHWU\
DQG WKHDPRXQWRI UHVRXUFHVSHUJHUPLQDWLRQ VLWH UHPDLQ FRQVWDQW DPRXQWV WRPRYLQJ
DORQJDYHUWLFDOOLQHLQ)LJXUH7KHKLJKHVWSRVVLEOHOHYHORIHYROXWLRQDULO\VWDEOHVHHG
SRO\PRUSKLVPLVUHDFKHGDWLQWHUPHGLDWHW\SHVRIWKHSUHFRPSHWLWLYHHQYLURQPHQWZKHQ
VHHGOLQJ HVWDEOLVKPHQW LV PRGHUDWHO\ ORZ EXW ODUJH VHHGV KDYH D VLJQLILFDQW
SUHFRPSHWLWLYHDGYDQWDJHFRPSDUHGWRVPDOOHUVHHGV,IVHHGOLQJHVWDEOLVKPHQWEHFRPHV
WRR ORZ KRZHYHU VXUYLYLQJ WKH SUHFRPSHWLWLYH SKDVH RI IUHTXHQF\LQGHSHQGHQW





$VVXPLQJPXWDWLRQOLPLWHG HYROXWLRQDQG VPDOO HYROXWLRQDU\ VWHSV DQ LQLWLDOO\
PRQRPRUSKLFSRSXODWLRQFDQUHDFKDQHYROXWLRQDULO\VWDEOHGLPRUSKLVPRQO\E\PHDQV
RI HYROXWLRQDU\ EUDQFKLQJ GXULQJZKLFK WKH SRSXODWLRQ XQGHUJRHV GLVUXSWLYH VHOHFWLRQ

DQGJLYHVULVHWRWZRVXEVHTXHQWO\SKHQRW\SLFDOO\GLYHUJLQJGDXJKWHUOLQHDJHVHDFKZLWK
LWV RZQ VHHG VL]H +LJKHU OHYHOV RI SRO\PRUSKLVP DUH UHDFKHG WKURXJK D VHULHV RI
VXFFHVVLYH EUDQFKLQJ HYHQWV LQWHUVSHUVHG E\ VWUHWFKHV RI GLUHFWLRQDO VHOHFWLRQ
(YROXWLRQDU\EUDQFKLQJRFFXUVRQO\QHDUHYROXWLRQDU\VLQJXODULWLHVWKDWDUHFRQYHUJHQFH
VWDEOHEXWODFNHYROXWLRQDU\VWDELOLW\FDOOHGEUDQFKLQJSRLQWV0HW]HWDO*HULW]
HW DO DE :KHQ PRUH WKDQ RQH HYROXWLRQDULO\ VWDEOH RXWFRPH LV SRVVLEOH LW
GHSHQGVRQ WKH LQLWLDO UHVLGHQW VHHGVL]HV WRZKLFK WKHSRSXODWLRQZLOO DFWXDOO\HYROYH
FI)LJXUH ,ISUHFRPSHWLWLYHVXUYLYDORIVHHGVDQGVHHGOLQJV LVKLJKIRUERWKVPDOO
DQG ODUJHVHHGVODUJH HYROXWLRQDU\EUDQFKLQJFDQEHIROORZHGE\ WKHH[WLQFWLRQRI
RQH RU PRUH OLQHDJHV LQFOXGLQJ WKH SRVVLELOLW\ RI PDVVH[WLQFWLRQ ,Q WKH ORQJ UXQ
WKHUHIRUH HYROXWLRQDU\ EUDQFKLQJ GRHV QRW DOZD\V OHDG WR KLJKHU OHYHOV RI VHHG
SRO\PRUSKLVPVFI)LJXUHVEDQG
:KHUHDV WKH EUDQFKLQJ SRLQWV GHWHUPLQH WKH QXPEHU RI EUDQFKHV RI WKH
HYROXWLRQDU\ WUHH RWKHU IDFWRUV PD\ KDYH DQ HIIHFW RQ WKH SUHFLVH VKDSH RI WKH






WR HYROXWLRQGXULQJ WKH VWUHWFKHVRIGLUHFWLRQDO VHOHFWLRQ )LJXUHV E DQGE*HQHWLF
GULIWZDVQRWDFFRXQWHGIRULQWKHSUHVHQWVLPXODWLRQVRIWKHHYROXWLRQDU\WUHHVRWKDWWKH
GLIIHUHQFH EHWZHHQ WKH WZR SKDVHV LV OHVV SURQRXQFHG WKDQ LW ZRXOG KDYH EHHQ LQ
VWRFKDVWLFLQGLYLGXDOEDVHGVLPXODWLRQV6HFRQGVPDOOVHHGVFDQEHSURGXFHGLQODUJHU
QXPEHUV DQG SODQWV ZLWK VPDOO VHHGV WHQG WR UHDFK KLJKHU GHQVLWLHV WKDQ SODQWV ZLWK
ODUJHUVHHGV&RQVHTXHQWO\ZLWKDFRQVWDQWPXWDWLRQSUREDELOLW\SHURIIVSULQJSURGXFHG
WKH WRWDO PXWDWLRQ IUHTXHQF\ LQFUHDVHV DV VHHGV EHFRPH VPDOOHU VR WKDW HYROXWLRQ
DFFHOHUDWHV WRZDUGV VPDOOHU VHHG VL]HV )LJXUHV E DQG E 7KLUG LQ )LJXUH D WKH
GLPRUSKLFSRSXODWLRQHYROYHVDORQJWKHLVRFOLQHRIWKHODUJHUVHHGVL]HVRWKDWWKHVKDSH
RI WKH LVRFOLQH GHWHUPLQHV WKH VKDSH RI WKH HYROXWLRQDU\ WUDMHFWRU\ 7KH UHODWLYH
FRQVWDQF\RIWKHULJKWPRVWEUDQFKRIWKHHYROXWLRQDU\WUHHLQ)LJXUHELVWKHUHIRUHGXH
WRWKHLVRFOLQHEHLQJDOPRVWDVWUDLJKWOLQHSHUSHQGLFXODUWRWKHFRUUHVSRQGLQJD[LV
%HORZZHFRQVLGHU WKH VLJQLILFDQFHRI VRPHRI WKHPRGHO DVVXPSWLRQV8QGHU
WKHSUHVHQWDVVXPSWLRQVZKHUHDOORIIVSULQJKDYHWKHVDPHVHHGVL]HDVWKHPRWKHUWKH
PRGHORQO\DSSOLHVWRDSRPLFWLFVSHFLHVRUWRVSHFLHVWKDWDUHVWULFWO\VHOILQJ,QRUGHUWR
DSSO\ WKH UHVXOWVPRUH JHQHUDOO\ WR RXWEUHHGLQJ VSHFLHV DVZHOOZHPXVW DVVXPH WKDW
WKHUHRFFXUVQRK\EULGL]DWLRQEHWZHHQWKHGLIIHUHQWEUDQFKHVRIWKHHYROXWLRQDU\WUHHVR
WKDWGLIIHUHQWOLQHDJHVEUHHGWUXH*HULW]HWDODUJXHWKDWLIK\EULGRIIVSULQJKDYH
LQWHUPHGLDWH SKHQRW\SHV WKHQ HYROXWLRQDU\ EUDQFKLQJ PD\ IDYRU WKH HYROXWLRQ RI
UHSURGXFWLYH LVRODWLRQ EHFDXVH GXULQJ EUDQFKLQJ LQWHUPHGLDWH SKHQRW\SHV KDYH ORZ
ILWQHVV 6SHFLILF PRGHOV VXSSRUW WKLV YLHZ .LVGL DQG *HULW] LQ SUHS 'RHEHOL DQG
'LHFNPDQQLQSUHS
,Q WKH PRGHO HDFK SODQW W\SH SURGXFHV VHHGV RI RQH VL]H RQO\ 7KXV E\
DVVXPSWLRQ DQ\ YDULDWLRQ LQ VHHG VL]H LQ D SRSXODWLRQ LV GXH WR GLIIHUHQFHV EHWZHHQ
SODQWV UDWKHU WKDQ ZLWKLQ SODQWV 7KH HYROXWLRQDULO\ VWDEOH RXWFRPHV RI WKH PRGHO

KRZHYHU FDQ EH LQWHUSUHWHG PRUH JHQHUDOO\ DV WKH UHVXOW RI GLIIHUHQW SODQW W\SHV
SURGXFLQJ VHHGV RI RQH VSHFLILF VL]H HDFK RU RI RQH SODQW W\SH SURGXFLQJ VHHGV RI
GLIIHUHQW VL]HV LQ WKH FRUUHVSRQGLQJ IUHTXHQFLHV RU DQ\ FRPELQDWLRQ RI WKHVH WZR
*HULW]  7KH FRUUHVSRQGLQJ HYROXWLRQDU\ G\QDPLFV DV RSSRVHG WR WKH ILQDO
HYROXWLRQDU\RXWFRPHVZLOOJHQHUDOO\QRWEH WKHVDPHKRZHYHU7KHDGDSWLYHJURZWK
DQG EUDQFKLQJ RI WKH HYROXWLRQDU\ WUHH PRGHOHG KHUH WKHUHIRUH DSSOLHV RQO\ LI HDFK
SODQWW\SHKDVLWVRZQVSHFLILFVHHGVL]H
$OWKRXJKWKHPRGHOZDVIRUPXODWHGIRUDQQXDOSODQWVDQGIRUJHUPLQDWLRQVLWHV
DOO ZLWK WKH VDPH DPRXQW RI UHVRXUFHV *HULW]  VKRZHG WKDW ZLWK H[WUHPHO\
DV\PPHWULF FRPSHWLWLRQ WKH VDPH UHVXOWV KROG IRU SHUHQQLDOV LI 5 LV UHSODFHG E\ WKH
H[SHFWHG WRWDO DPRXQW RI UHVRXUFHV WKDW EHFRPHV DYDLODEOH LQ D VLWH GXULQJ D SODQW¶V
OLIHWLPH DOVR VHH *HULW] HW DO  DQG IRU YDU\LQJ DPRXQWV RI UHVRXUFHV DPRQJ
GLIIHUHQWVLWHVLI5LVUHSODFHGE\LWVSRSXODWLRQDYHUDJH7KHDUJXPHQWVGHYHORSHGWKHUH
GLUHFWO\JHQHUDOL]HWRLQWHUPHGLDWHGHJUHHVRIFRPSHWLWLYHDV\PPHWU\
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ZKHUH F F DQG55 DUH UHVSHFWLYHO\ WKH FRPSHWLWLYH DELOLWLHV DQG WKH DPRXQW RI
UHVRXUFHV REWDLQHG E\ WZR DUELWUDU\ SODQWV FKRVHQ IURP WKH VDPH JHUPLQDWLRQ VLWH
6HFRQG QRWLFH IURP (TXDWLRQ  WKDW WKH FRPSHWLWLYH DV\PPHWU\  LV HTXDO WR WKH




















VKRXOG PRUHRYHU EH LQGHSHQGHQW RI ERWK WKH ORFDO SODQW GHQVLW\ LH WKH QXPEHU RI
FRPSHWLWRUVLQVLGHWKHJHUPLQDWLRQVLWHDQGWKHORFDODPRXQWRIUHVRXUFHV1RWLFHWKDW
HVWGHVFULEHVWKHSRWHQWLDOFRPSHWLWLYHDGYDQWDJHRIDODUJHUVHHGVL]HLQGHSHQGHQWO\RI
WKHDFWXDOFRPSHWLWLRQ LQWHQVLW\ DQGGLIIHUV LQ WKLV UHVSHFW IURPRWKHU IUHTXHQWO\XVHG
PHDVXUHV RI SODQW FRPSHWLWLRQ LQWHQVLW\ RU KLHUDUFK\ LQ SODQW VL]H LQGXFHG E\
FRPSHWLWLRQ%HQMDPLQ*UDFH





IURPVPDOOHU VHHGV 6WDQWRQ:XOII E$ OHVV UHDOLVWLF SURSHUW\ KRZHYHU




PD\ HIIHFWLYHO\ VHW DQ XSSHU OLPLW WR WKH PD[LPXP SRVVLEOH GHJUHH RI FRPSHWLWLYH
DV\PPHWU\GXHWRGLIIHUHQFHVLQVHHGVL]H
,I FRPSHWLWLRQ LV DV\PPHWULF DQ LQLWLDO DGYDQWDJH RI RQH LQGLYLGXDO RYHU LWV
QHLJKERUVLVDFFHQWXDWHGGXULQJVXEVHTXHQWJURZWKVRWKDWWKHGLVWULEXWLRQRIUHVRXUFHV
DPRQJGLIIHUHQWSODQWVEHFRPHV LQFUHDVLQJO\XQHYHQ WRZDUGV WKHHQGRI WKHVHDVRQ ,I
WKH JURZLQJ VHDVRQ LV VKRUW LQGLYLGXDO GLIIHUHQFHV ZLOO EH VPDOO ZKLOH LI LW LV ORQJ
GLIIHUHQFHVZLOOEHPRUHSURQRXQFHG7KHSRWHQWLDODGYDQWDJHRIDODUJHUVHHGVL]HWKXV
PD\GHSHQGRQWKHOHQJWKRIWKHJURZLQJVHDVRQ6HDVRQ OHQJWKGHFUHDVHVZLWKJOREDO
ODWLWXGH ZKLFK LPSOLHV WKDW FRPSHWLWLYH DV\PPHWU\ LV OLNHO\ WR EH VWURQJHU QHDU WKH
WURSLFVWKDQDWKLJKHUODWLWXGHV6LQFHLQWKHPRGHOVWURQJFRPSHWLWLYHDV\PPHWU\IDYRUV
WKHFRH[LVWHQFHRISODQWVZLWKGLIIHUHQWVHHGVL]HVZHK\SRWKHVL]HWKDWRQDJOREDOVFDOH
VHHG VL]H YDULDWLRQ VKRXOG GHFUHDVHZLWK ODWLWXGH VXFK WKDW QHDU WKH DUFWLF RQO\ VPDOO
VHHGVUHPDLQ/LNHZLVH WKHPRGHOSUHGLFWVD V\VWHPDWLFGHFOLQHRI VHHGVL]HYDULDWLRQ
IURPWKHEDVHWRZDUGVWKHWRSRIDPRXQWDLQ0RUHRYHUDFKDQJHLQVHDVRQOHQJWKGXH
WRDFKDQJHLQFOLPDWHPD\FDXVHFRPSHWLWLYHDV\PPHWU\WRYDU\RQDJHRORJLFDOWLPH
VFDOH7KXVGXULQJ SHULRGV RI JOREDOZDUPLQJ WKHPRGHO SUHGLFWV DQ LQFUHDVH LQ VHHG
VL]HYDULDWLRQZKLOHGXULQJSHULRGVRIJODFLDWLRQZHH[SHFWOHVVYDULDWLRQ
0RVW PRGHOV RI FRPSHWLWLYH DV\PPHWU\ LQ SODQWV DGGUHVV WKH LVVXH RI VHOI
WKLQQLQJDQGWKHHPHUJLQJVL]HKLHUDUFK\LQSODQWSRSXODWLRQV$LNPDQDQG:DWNLQVRQ




VWUHQJWK RI FRPSHWLWLYH DV\PPHWU\ $OWKRXJK LQ WKHLU PRGHO WKH\ XVH D GLIIHUHQW
DSSURDFKDQGGRQRWH[SOLFLWO\FRQVLGHU ORQJWHUPHYROXWLRQDU\G\QDPLFV WKHLU UHVXOWV
DUH ODUJHO\ FRQVLVWHQW ZLWK RXUV 0DWVXGD DQG $EUDPV  DUJXH WKDW VWURQJ
FRPSHWLWLYH DV\PPHWU\ ZLWKLQ D VSHFLHV FDQ OHDG WR UXQDZD\ HYROXWLRQ WR VHOI
H[WLQFWLRQ%HFDXVHODUJHWUDLWYDOXHVKDYHDQDVVRFLDWHGFRVWVXFKDVHJDORZHUSHU
FDSLWD VHHG QXPEHU LQ WKH SUHVHQW PRGHO UXQDZD\ HYROXWLRQ LV OLNHO\ WR UHVXOW LQ
VPDOOHUSRSXODWLRQV$OWKRXJK LQGHWHUPLQLVWLFPRGHOVSRSXODWLRQVPD\QHYHUDFWXDOO\
UHDFK ]HUR GHQVLW\ LQ UHDOLW\ WKH\ PD\ EHFRPH VXIILFLHQWO\ VPDOO WKDW HYHQWXDOO\
VWRFKDVWLFIDFWRUVFDXVHWKHLUH[WLQFWLRQ,QWKHSUHVHQWPRGHOZHDVVXPHSRSXODWLRQVWR
EHDOZD\V ODUJHHQRXJKIRUGHPRJUDSKLFVWRFKDVWLFLW\ WREHQHJOLJLEOH+RZHYHUZLWK
YHU\ VWURQJ FRPSHWLWLYH DV\PPHWU\ ODUJH  WKLV DVVXPSWLRQ PD\ QR ORQJHU EH





EUDQFKLQJSRLQW6HOIH[WLQFWLRQPD\ LQ WXUQ OHDG WR WD[RQ F\FOHV LI RQ D ODUJHU WLPH








9DULRXV UHVXOWV SUHVHQWHG KHUH DUH PRGHOLQGHSHQGHQW DQG SRLQW WKH ZD\ WR D
PRUHJHQHUDO HYROXWLRQDU\ELIXUFDWLRQ WKHRU\ GHVFULELQJ KRZ WKH QXPEHU DQG VWDELOLW\
SURSHUWLHV RI HYROXWLRQDU\ VLQJXODULWLHV FKDQJH DV D FRQVHTXHQFH RI FKDQJHV LQPRGHO
SDUDPHWHUV 6XFK HYROXWLRQDU\ ELIXUFDWLRQ WKHRU\ GLIIHUV IURP FODVVLFDO ELIXUFDWLRQ
WKHRU\HJ.X]QHWVRYLQWKDWPRUHWKDQRQHVWDELOLW\FRQFHSWLV LQYROYHG WKDW
LVHYROXWLRQDU\VWDELOLW\DQGFRQYHUJHQFHVWDELOLW\*HULW]HWDODEDOVRFRQVLGHU
WZR DGGLWLRQDO VWDELOLW\ FRQFHSWV FRQFHUQLQJ WKH LQYDGLQJ FDSDELOLW\ RI WKH VLQJXODU
VWUDWHJ\ DQG WKH SRVVLELOLW\ RI QHDUE\ SRO\PRUSKLVPV %LIXUFDWLRQ RI HYROXWLRQDU\
VLQJXODULWLHV WKHUHIRUH PD\ \LHOG ERWK QRYHO DQG SRWHQWLDOO\ PRUH FRPSOH[ SDWWHUQV
WKDQ LQ WKH FODVVLFDO WKHRU\ )RU H[DPSOH ZH VKRZHG WKDW VLQJXODU VWUDWHJLHV FDQ
DQQLKLODWHRQHDQRWKHU RU HTXLYDOHQWO\FDQVLPXOWDQHRXVO\DSSHDU LI WKHSDUDPHWHU LV
FKDQJHGLQWKHRSSRVLWHGLUHFWLRQHLWKHUDVDSDLURIDQRQ(66UHSHOOHUDQGDEUDQFKLQJ
SRLQW RU DV D SDLU RI D FRQYHUJHQFH VWDEOH (66 DQG DQ (66 WKDW ODFNV FRQYHUJHQFH
VWDELOLW\7KHILUVWSRVVLELOLW\LVLOOXVWUDWHGIRUWKHSUHVHQWPRGHOLQ)LJXUHDQGVKRZV
WKDW DQ(66QHFHVVDULO\PXVW ORVH LWV HYROXWLRQDU\ VWDELOLW\ EHIRUH LW FDQ GLVDSSHDU E\
PHUJLQJZLWKDQHYROXWLRQDU\UHSHOOHU7KHVHFRQGSRVVLELOLW\ZKLFKGRHVQRWRFFXULQ
WKHPRGHO DULVHV LI WKH SDWWHUQ RI VKDGLQJ LQ )LJXUH  LV UHYHUVHG0RUHRYHU LQ WKH
$SSHQGL[ ZH VKRZ WKDW LVRFOLQHV FRQQHFW WR WKH ERXQGDU\ RI WKH VHW RI SURWHFWHG
SRO\PRUSKLVPVRQO\DW VSHFLILFSODFHVDQG WKDW DV D FRQVHTXHQFH WKHUH LV DQ LQWLPDWH





Isoclines and their connection to the boundary of the area of
coexistence
,VRFOLQHV FRQQHFW WR WKH ERXQGDU\ RI WKH DUHD RI FRH[LVWHQFH RQO\ DW VSHFLILF SODFHV





$V D FRQVHTXHQFH WKHUH LV DQ LQWLPDWH UHODWLRQVKLS EHWZHHQ PRQRPRUSKLF DQG
GLPRUSKLFVLQJXODULWLHVWKDWFDQEHXVHGWRXQGHUVWDQGYDULRXVRXWFRPHVRIWKHSUHVHQW
PRGHO 7KH WKHRU\ JLYHQ EHORZ DSSOLHV PRUH JHQHUDOO\ KRZHYHU DQG LV QRW MXVW
FRQILQHG WR WKH SUHVHQWPRGHO0RUHRYHU VLPLODU DUJXPHQWV DSSO\ WR KLJKHU OHYHOV RI
SRO\PRUSLVPVDVZHOODOWKRXJKDJUDSKLFDOUHSUHVHQWDWLRQEHFRPHVWURXEOHVRPH
)LJXUHVKRZV WKHDUHDRIFRH[LVWHQFH IRU 5 DQG 5 ZLWK WKHP
LVRFOLQHV DQG DUURZV WKDW LQGLFDWH WKH GLUHFWLRQ RI HYROXWLRQ LQ P :H KHUH RQO\
FRQVLGHUWKHPLVRFOLQHEHFDXVHWKHPLVRFOLQHLVREWDLQHGE\VLPSO\WDNLQJWKHPLUURU
















PLVRFOLQH)LJXUH VROLGFLUFOHV0RUHRYHU LIP LVHYROXWLRQDULO\ VWDEOHRU ODFNV




DQ\ SRLQWZKHUH WKH ERXQGDU\ KDV D KRUL]RQWDO WDQJHQW )LJXUH  RSHQ FLUFOHV 7KH





WDQJHQW WKHUHIRUH WKH ILWQHVV JUDGLHQW FKDQJHV GLUHFWLRQ VR WKDW WKH SRLQW RI FRQWDFW
ZLWKWKHWDQJHQWPXVWOLHRQWKHPLVRFOLQH)LJXUHRSHQFLUFOHV,IDWWKHSRLQWRI

FRQWDFWWKHERXQGDU\LV ORFDOO\FRQYH[ WKHILWQHVVJUDGLHQWSRLQWV WRZDUGVWKHLVRFOLQH
)LJXUHSRLQW³Y´0RUHRYHUVLQFHDQ\FKDQJHLQPDWWKHSRLQWRIFRQWDFWEULQJV
WKH SRSXODWLRQ RXWVLGH WKH DUHD RI FRH[LVWHQFH QRPXWDQW FDQ LQYDGH DQG KHQFH WKH
LVRFOLQH FRUUHVSRQGV WR D ILWQHVV PD[LPXP ZLWK UHVSHFW WR PXWDWLRQV LQ P ,I WKH
ERXQGDU\RIWKHDUHDRIFRH[LVWHQFHDWWKHSRLQWRIFRQWDFWLVORFDOO\FRQFDYHKRZHYHU
WKHQWKHILWQHVVJUDGLHQWSRLQWVDZD\IURPWKHLVRFOLQH)LJXUHSRLQW³V´0RUHRYHU
DQ\ FKDQJH LQ P DW WKH SRLQW RI FRQWDFW EULQJV WKH SRSXODWLRQ LQVLGH WKH DUHD RI
FRH[LVWHQFH VR WKDW DQ\PXWDQW FRXOG LQYDGH DQG WKH LVRFOLQH WKXV UHSUHVHQWV D ORFDO
ILWQHVVPLQLPXPZLWKUHVSHFWWRPXWDWLRQVLQP
Loss of global evolutionary stability and the emergence of
new singularities
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